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Math 330: Orthogonality
Problem I

In[ ]:= PlotSum20  n * Pi * Sin[n * Pi * x], {n, 1, 50, 2}, {x, -1, 2}

Out[ ]=
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In[ ]:= ManipulatePlotSum20  n * Pi * Sin[n * Pi * x], {n, 1, M, 2}, {x, -1, 2}, {M, 1, 100, 1}

Out[ ]=
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In[ ]:= Plot3DSum20  n * Pi * Sin[n * Pi * x] * Exp-n * Pi^2 * t, {n, 1, 50, 2},

{x, 0, 1}, {t, 0, 1}, PlotRange → All, AxesLabel → Automatic

Out[ ]=

Problem II

For n = 0:

In[ ]:= Integrate[x - x^2, {x, 0, 1}]

Out[ ]=

1

6

For n > 0:

In[ ]:= Integrate2 x - x^2 Cos[n * Pi * x], {x, 0, 1}

Out[ ]= -
2 n π + n π Cos[n π] - 2 Sin[n π]

n3 π3

In[ ]:= SimplifyIntegrate2 x - x^2 Cos[n * Pi * x], {x, 0, 1}, Assumptions → n ∈ Integers

Out[ ]= -
2 1 + -1n

n2 π2

In[ ]:= A[n_] := -2 1 + -1^n  n^2 * Pi^2
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In[ ]:= Plot1  6 + Sum[A[n] * Cos[n * Pi * x], {n, 2, 10, 2}], x - x^2,

{x, -1, 2}, PlotRange → {0, 0.3}

Out[ ]=
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In[ ]:= Plot3D1  6 + Sum[A[n] Cos[n * Pi * x] Exp[-n^2 * Pi^2 * t], {n, 2, 20, 2}],

{x, 0, 1}, {t, 0, 1}, PlotRange → All

Out[ ]=

Further Examples

Problem I with piecewise-continuous initial condition

In[ ]:= B[n_] = 2 * IntegrateSin[n * Pi * x], x, 1  2, 1

Out[ ]=

2 Cos n π

2
 - Cos[n π]

n π

In[ ]:= Simplify[B[n], Assumptions → n ∈ Integers]

Out[ ]=

2 -11+n + Cos n π

2


n π
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In[ ]:= PlotSumB[n] * Sin[n * Pi * x] * Exp-n * Pi^2 * 0.0005, {n, 1, 60}, {x, 0, 1}

Out[ ]=
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In[ ]:= Plot3DSumB[n] * Sin[n * Pi * x] * Exp-n * Pi^2 * t, {n, 1, 20},

{x, 0, 1}, {t, 0, .1}, PlotRange → All, AxesLabel → Automatic

Out[ ]=

Problem II with piecewise continuous initial condition (let L = 1 for simplicity)

In[1]:= A[n_] = 2 * IntegrateCos[n * Pi * x], x, 1  2, 1

Out[1]=

2 -Sin n π

2
 + Sin[n π]

n π

In[2]:= A[n_] = Simplify2 * IntegrateCos[n * Pi * x], x, 1  2, 1, Assumptions → n ∈ Integers

Out[2]= -

2 Sin n π

2


n π

The initial condition as a sum of cosine functions. Here is a partial sum:
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In[3]:= Plot1  2 + Sum[A[n] * Cos[n * Pi * x], {n, 1, 200}], {x, 0, 1}

Out[3]=
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Plot the temperature function for a fixed time t:

In[12]:= u[x_, t_] := 1  2 + SumA[n] * Cos[n * Pi * x] * Exp-n * Pi^2 * t, {n, 1, 600};

Plot[u[x, 1], {x, 0, 1}]

Out[13]=
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Plot the temperature function for several fixed times:

In[ ]:= Plot[{u[x, 0.001], u[x, 0.01], u[x, 0.1], u[x, 1]}, {x, 0, 1}]

Out[ ]=
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3-D plot showing temperature change over time:
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In[ ]:= Plot3D1  2 + SumA[n] * Cos[n * Pi * x] * Exp-n * Pi^2 * t, {n, 1, 1},

{x, 0, 1}, {t, 0, 0.2}, PlotRange → All, AxesLabel → Automatic

Out[ ]=
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Laplace's Equation in a Rectangle — worksheet solution
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