Worksheet Solutions
Math 262 » 1 December 2022

From las+ +ime:

5. Simulate 10,000 averages, each of k samples from a Unif[0,1] distribution. Make a histogram of
the 10,000 averages. Start with k = 1 and then try larger values of k. How does the shape of the
histogram depend on k?
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6. Repeat the previous simulation, but now replace Unif[0,1] with a different distribution of your
choice. What is the shape of the histogram? How does it depend on k?
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New problems today (limit +heorems) '~
1. Let X, X5, ..., X300 be iid random variables with mean uy and standard deviation oy. Also let
T =X1 +X2 + "'+X300 and)? Z%

(a) What are ur, or, ug, and ogz?
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(b) What distributions are good approximations for T and X?

T appeon. N(EOO/«M @Y@B; —>_< s ar)‘oro;« N(/{X/ d%)

2. A farm packs tomatoes in crates. Individual tomatoes have mean weight of 10 ounces and standard

deviation of 3 ounces. Estimate the probability that a crate of 40 tomatoes weighs between 380 and
410 ounces.

—EO s app roX]MM‘Q‘/ N (L‘lOO/ \Q. 6(7)

EARE
P(380< T, < 4l0)x~ 0.555

R:  prorm(Ul0, 400, 1897 = prorm (330, 400, 13.47)

3. Let random variable X have one of the following distributions. For what distribution of iid random
variables Y;,Y,, ..., Y, isitthecasethat X = V; + Y, + - + ¥;;?

() X ~ Bin(n, p) Y-,N Bernou”i(]ox
X i approx. normal when np 210 and n(t-p)2 10,
(b) X ~ Gamma(a = n, ) Y. ~ Exp ()v— ‘é‘)

X s app rox . normal  when & is |arge.

(c) X ~ Poisson(A = n) Y ~ Poisson (1)
X s approx.

normal When N is larje.

(d) X ~ NegBin(r = n, p) Y. ~ Ge,om(P)

X Is aPF“))(. norma | when ~ s larﬂe.

4. Customers at a popular restaurant are waiting to be served. Waiting times are independent and
exponentially distributed with mean 1/1 = 10 minutes.

(a) What is the probability that the average wait time of the 50 customers is less than 12 minutes?

Tso s Gamma(oi=so) ﬁ:io),

Koz = P(Re<12)= P(Z<12) = P(T <600) » 0.416

25‘0 is Gamma (*: SO/ ﬁ= ‘!5‘) \,J)!\/? Mj‘\c_g! R" Pgamma (600, 5o, I—u)
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(b) Use a normal distribution to approximate the probability that the average wait time of 50
customers is less than 12 minutes. What limit theorem justifies this?

Xso IS opprox N(]—O/% , s P(SZ,\ < |2> X P(Z < lz> ~ 0.921

CZ \o
~N Lo
R: Pl\orm(]zl 10) |,¢Hq) (10/ EB>

5. Let X4, X5, ..., X, be iid random variables with an Exp(A = 2) distribution. Let u = E(X;).
(a) What is the distribution of T;,? What is the value of u?

Ta ~ Gawma(s=n, g= L) r=E(X) = %

(b) In R or Mathematica, write a function that computes P(|=2 — u| > €) for any given parameter
values n and e.

Firck: P(k%—ﬂlZQ) = 1- P(\%—l—_l<z) = ]_- P(—€<TTT‘——£'_ <€)
:1-P<%—r\f_ <Ta< y\z+ni>

R-. wlln <- 'Functioh(n, eps){
1 - (pgamma(n/2 + n*eps, n, 2) - pgamma(n/2 - n¥eps, n, 2))

Mathematica:

n n 1
wlln[n , e ] :=1- Probability[— -nxe<Tn< —+nxe, Tn = GammaDistribution [n, - ]]
2 2 2

(c) Make a plot of P(|TT" — p| = 0.01) for values of n between 1 and 10,000. What limit theorem
does this plot illustrate?
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(d) What is the smallest n such that P(|*2 — u| = 0.01) < 0.01?

B)/ +rial  and error, we ‘F?r\d n=[6/585(.
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6. Suppose you flip a fair coin lots of times. What does the Law of Large Numbers say about
the numbers of heads and tails you will observe?

7. Suppose that a certain casino game costs $1 to play, and the expected winnings per game
are $0.98. What does the Law of Large Numbers say about your winnings if you play the
game lots of times?

8. Fifty real numbers are each rounded to the nearest integer and then summed. If the
indivdual round-off errors are uniformly distributed over (—0.5,0.5), then approximate
the probability that the resultant sum differs from the exact sum by no more than 3.

9. Suppose that a fair coin is tossed 1000 times. If the first 100 tosses result in heads, what
proportion of heads would you expect on the remaining 900 tosses? Interpret the
statement "The law of large numbers swamps, but it does not compensate."
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