Worksheet Solutions
Math 262 « 29 November 2022

1. Let X and Y have joint density f(x,y) = %for 0<x<y<?2
(a) Sketch the joint density of X and Y.
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(b) Suppose you know that X = % Highlight x = § on your sketch in part (a). How can you infer the
density of Y given that X = g?
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(c) Let 0 < x¢ < 2 and suppose you know that X = x,. How can you infer the density of Y from

f(xo; y)7

Since 1{:(%, \/) s onstant o X=X, XoZY <2, Y is Ur\{'@rm\/
disteibuted on [K,J 2]

1
Thus (%, 7> = Sk B Xesy<el

(d) Find the marginal density fy(x). Use this to compute the conditional density fyx(¥ | xo ). Does
this agree with your answer in part (c)?
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(e) What is the expected value of Y given that X = x,?
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&Tkis is the mean of Hhe
Uni [Ko, Z] distribubion.

2. The jointpdfof X and Yis f(x,y) = 3x,for0 <y <x < 1.

(a) What is the conditional distribution of X given Y = y?

L x=1
f\((y) = LSX dx = 24 . 2

B L(X,y) B 3x N 2x
{'xn("(“/)— £ () “;(l_yz)‘ L-v* <1l

(b) Whatis E(X | Y =y)?

1 L x=1
o\ o 2 2 [t 2@ 2 [ z) 2(1-v%)
- 7-d - 9( — z 2 = 1L_ ¥ =
E(Xl\{ 7) SHX Ty x 1_YLLX x 1-y* 73 . 1-,7L<3 3 3(1_77_)
(c) WhatisVar(X | Y = y)?
N P o ) A for AN EP
E(X | Y=y)= &1 T T T 2 | T o) (1)
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3. For continuous random variables X and Y, show that E(E(X | Y)) = E(X).
—_—

[ incide conditiona | exrsec,{-af.‘on
outside® €;<'aec+af';m of @ funtion oF Y

LG L ‘
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E(E(XIY)) = r‘e(xww) F () dy :rj x- 2@;) dx Edyydy
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E J 7<y d7A9< = J?(J F(x;y)}ryo{x
)

:wa (x) dw = E(X}

4. The number of eggs N found in a nest of a certain species of turtle has a Poisson distribution
with mean 4. Each egg has a probability p of being viable, and this event is independent from
egg to egg. Find the mean and variance of the number of viable eggs per nest.

rvei N~ Poisson (V) X = nunber of viable eqqs ~ Bin (N, p)

mean: E(X) = E(E(XIN)) = E(Np) = p E(N) = p X
VE\&TM: N]oj

variance: Vor (%) = Var (E(IN)) + E(\or (XINY)) = Var (Np) + E(Np(-)
= P Var (N) = p(I-p) E(N) = @ N« pliep)\ = N - ph=ph = pA

5. Simulate 10,000 averages, each of k samples from a Unif[0,1] distribution. Make a histogram of

the 10,000 averages. Start with k = 1 and then try larger values of k. How does the shape of the
histogram depend on k?

We will do +this next +ime.

6. Repeat the previous simulation, but now replace Unif[0,1] with a different distribution of your
choice. What is the shape of the histogram? How does it depend on k?

Next time...
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BONUS: If X and Y are independent binomial random variables with identical parameters n
and p, calculate the conditional expected value of X given that X +Y = m.

Firs ‘{') COMP(,C{’Q, "H'l& Cono“HOV\al FM'F °~£ X ai\/h\ ‘Hﬂo-"’ X+ \{3 m.
=K an + Y= P(X=k Y= m-k

—

P(X+Y = m) P(X+Y=m)
_ (lr:) Pk (]"l"y\‘ll : (V"‘“‘k) T’Wk (1"}")"-”*" For the denominator, note that
() o o [ X+ = Bin 20, )

T}\fs S a l'\/)aerjeomd-rf(_ ProLmLi/hl/f H\e proLaLill'/y O‘p k Succe sseg n a

Somple  of Size M from a pofula+i0n with  n successes and N Failures.
So the conditional distribution of X, %i\/e/\ bat X+N=m, is l«,perﬁeomehfc/
and its mean s E(X l X+ Y= V‘«> = ‘MZ :
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