Worksheet Solutions
Math 262 « 22 November 2022

1. Let X and Y be independent uniform variables on [0, 1], and let W = X +7Y.

(a) What do you think the pdf of W will look like? Make a guess. Draw a sketch.
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(b) Write down the convolution integral formula for the pdf of W. For what values of x is the
integrand nonzero?
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(c) Compute fiy (W) when 0 <w < 1.
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(d) Compute fiy(w) when1 <w < 2.
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(e) Combine your answers from (c) and (d) to write fiy (w) in piecewise form. Also sketch fi, (w).

The, de,r\s‘nt)l of W is:
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2. Use convolution to write an integral that gives the pdf of the sum of three independent
Unif[0,1] random variables. Use Mathematica to evaluate this integral.

Le,‘f' T= Xl*’ Xz“f X3/ X‘. ~ Unif [0/1]
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Mathematica:

Here is the pdf of one Unif[0,1] random variable:
in[s]:= f1[x_] := Piecewise[{{1, @< x < 1}}];
Here is the pdf of a sum of two Upif(0,1] random variables:
inf6):= F2[x_] := Piecewise[{{x, @ sx s1}, {2-x,1<Xx <2}}]
The convolution of the previous two density functions gives the density of the sum of three Unif[0,1] random variables.

n[71:= f3[x_] := Integrate[f1[t] f2[x-t], {t, -Infinity, Infinity}]

in[g):= ¥3[x]
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3. Let Xy ~ N(k,1) for k € {1, 2, ..., m}, and suppose all of the X}, are independent.

(a) What is the distribution of X; + X, + -+ + X;;,? N(/A, ) s gt exp (/d + Q-’k‘/,)
My (6) = exp(kt + %)

My
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,,)(h('ﬂ = Q\(f(k + *I/I)Qx‘a(_ZQ-r tl/15"- eyp(mk - *‘/L) = exp((“? **** M)‘l: + Mtz/,_) = exp (ﬂ;?“)k + Mi:?)

Thos, X+ + Y. ~ N (”i'%l\) m>
(b) What is the distribution of X; + 2X; + -+ + mX,,,?

My, () = My (k&) = exp(ie « &2
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4. Use moment generating functions to justify the following statements

(a) The sum of n independent exponential random variables with common parameter A has a
gamma distribution with parameters a = nand f§ = /—1
Let X, X5, X be independent  Exp (XY random  variables
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(b) The sum of n independent geometric random variables with common parameter p has a
negative binomial distribution with parameters » = n and p
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Geometric ryfi My (8) = TR
Then  My(E) = My, (&) My (8) - M, (F) = <’L >n
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