Worksheet Solutions
Math 262 < 17 November 2022

From last time:

4. Let X and Y havejoint pdf f(x,y) =3x+3yfor0<x,0<y,andx +y < 1.

(a) Sketch the joint pdf and verify that the volume underneath is 1.

Volume: cketch: 2 ) (0,1,3)
1 FGey)
\L S (3><+37> Afy dx = l (19,9
0

Z note the bounds of iateqration
O:x<l Ocyel-x

X

To Comfb ute ‘H\e. 31\4’63"0\[ USiAi MﬂH‘eMﬂHCW
Integrate[3x+3y, {x, 0, 1}, {y, 0, 1-x}]

(b) What values of X and Y are most likely? What values are not so likely?
X and Y are Hﬁe(/ b hoe a som clse o 1.
K ooad Y ae not likely 4o both be near zero.

(c) Compute the following, using technology to evaluate integrals:

E(X+Y)

E(X+ Y) = g; J:’XQX*}/} (3'x-f3'y> dy dx = «i—

Integrate[ (x+y) (3x+3y), {x, 0, 1}, {v, 8, 1-x}]

E(X Y) = Ll L\-x(xyXwaﬁ 573 dy dx :- Tio'

« E(XY)

B0 ) =[G sy = 2000, oexe

E(X) = le-;g(lff) g

S
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OE(Y) ‘i:\((/\/) = go QBX“' 373 dx = éf(\—yz)/ Of}léi/

E(Y) = EV%(WM :E

(d) What is Cov(X,Y)?

Cow (X 7)=E(x0) -E(E() = 5-33- 2%

New worksheet for -I-od,.y:

1. How do E(X) and E(Y) relate to E(X +Y) and E(XY)? Does independence play a role?

E(X’fYB = E(XB + E(YB lo)/ \ir\ear1+/ of expec’rmL]Or\)
rego‘rdless of  Uhether X ond \f ore ]nJeP(’J\ole/\"‘ or rot

T K ad Y ore ind ependent, fhen E(XY):E(XBE(Y>-

(The, converse is not +rua!)

2. Let X ~ Unif[-1,1] and Y = X?2.

(a) Compute E(X), E(Y), and E(XY). Does E(XY) = E(X)E(Y)?

E()= 0,  EM=()= [item=12] = £
()= E0C)= [ e = 4, =0
Yes, E(xY)= E(X)E(Y)

i

(b) Are X and Y independent? Why or why not?
ND © th ¢ value of X determines Y.

ANoTHER Exampie: U~Unit[0,2x], X=cos(V), Y= sin (U)
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I. Two standard, fair dice are rolled. Let X; and X, be the numbers that appear on the dice.
II. An urn contains balls labeled 1, 2, 3, 4, 5, 6. Let ¥; and Y, be the numbers on two balls
drawn without replacement from the urn.

3. What is the distribution of X;? How about the distribution of Y;?

X. and X oce both unifermly distributed on 312,34 S¢S

4. What are E(X;) and Var(X;)? How about E(Y;) and Var(Y;)?

E(X) = il/ E(X) = £ (1eaeqe 1625 +3¢) = I
Vor(x,)= £-(3)= &

S'mco, X; and Y; L\aue He same, d?erribu)r}on,
_ _ 35
E(\/.> = }Z ond \/ar'<Y:) = 2

5. What are E(X; + X,) and Var(X; + X;)?
B} [}nwr3+y/ E(Xl + ><,_5 = E(X,) * E(Xz> = 7
Since X, ond X, are inde pendent,

Vor (X, + X) = Vor () = Var(X,) = 2>

6. What and E(Y; +Y;) and Var(¥; + Y,)?
By lineacity, E(V+Y.)= E(N)+E(N) = 7
Since Y ond Y, ace dependent

|

\/or (Yﬁ \{J = \/orpﬂ + \/ar(\(J + 2 Gov (\(U Yz>

= ¥ - & ora(E)-a-k
Cou(Y, %)= ECVN) - ECOE(N) = 2-£-2 = -5

Day20 Page 3



Possible

o\m—ch—L
o v € wpO-

178 35

= -

s T3

\

7. Sketch the pmfs of X; + X, and Y; + Y,. How does this help make sense of the means and
variances that you found for these sums?

PN‘F o{: X, + XL P""F °'F VI * \/z.
: . 1
o ° g
o ° ° [ ) [ ) e
o1 e e -
I e et +——+—t—+—t+—t+—+
2 34 s 6 7 * 9 o U 12 3 y S 3 A ; P
The, Mmeans are the Same, but  the distribution of X\*Xz IS

Wore SPPQqA out and "H'IU\S has |a{‘jer Variance,

8. Generalize to rolls of n dice: find E(X; + -+ X;,) and Var(X; + --- + X,,).
E(Xn*"'* Xn\ = E(X\\+-~-+E<Xn):_
By iAc\ePeAdence, Var (X\+ St ><f\8 = Vo ( )(3 o \/OF(XY\\ = 3;2“

9. Similarly, generalize to choosing n balls from the urn. Find E(Y; + ---+ Y;,) and Var(Y; + --- + ).

I\Jow n<éb.

As  lbefore,

ECY e+ Yo

Il

I
2

Howeve(‘/ now \/W (\( +- 3 \/or( \) t 2 ZJ\ CDV(\(UYJ)

350 < l> B Py L P
12 2

Note Yhat i n< 6, the varionce is zero
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