Worksheet Solutions
Math 262 « 10 November 2022

1. Let X have density fy(x) = ;—Cfor 0 < x <2,and letY = X2 What is the density of Y?

Groph of Transformation NOTE: \{ tnkes \mlue_g O& A L{

y
L‘ j(X)=><l Find caf of Yo 4 ve [o ]!
I Fly)= P(Tey)= P(X=15)

Differentiate 4o obtain the rtﬁc of Y:
fly)= 5RM= 501 - & € osyed

2. Let X have density fx(x) = 2x for 0 < x < 1, and let Y = eX. What is the density of Y?

(a) Sketch the transformation y = e* and identify the possible values of Y.

Poss?b)e, values of Yf
1 <Yz=e

In(y) *
(b) Find the cdf of Y, and differentiate to obtain the pdf.
find  the dF of Y: for y e [1)51) 2 - ‘CX (’)g)
F )= P(Y 5«/) = P(* e73= P(_X < lw(y))
- (
% 0= ey |
= 029(0(/)( :X,o = (\“’) By /
x
vy 1

Jifterabiate o obtain He pohc of Y
d _ 4 2

fuly) = %ln(«/\ £ leyce
Q“bDU'\AS are imfaor’*'a/\"!

(c) Confirm that you obtain the same answer via the Transformation Theorem.
3(_X\= €>(/ which s 5+rl‘c|"y fncreas]/ﬂ on O<x<1

.IV\\IQFSG, fS h(«A: Iy\ /\/, wl«‘ck 'S cl."F\feren‘HaUQ

ot A= LG NG = 2(hy) [5] = FThy & 1ey<e
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3. Let X have density fy(x) = 2x for 0 < x < 1, and let Y = 2 — X% What is the density of Y?
Note that L €Y <22. Tha & welt, 2]
FY(“/B = P(\-{"'“/} = P(Q_- mey) = P(SQ- sz

- L:«cxm Ix = [sz I

5 &=
N 1
= X ﬁ_y _"'1“(2—'\/3: ’\/—]_

Note that Y 20.

Fo(- \/20/ FY(\/X = F(\f57> — P(Xze7>

fy

| %
= P&« s{‘):fw “dx .
Py e Ko ly e
I e 7 S B R N
| € 25y e 25) " B €

h)/ the Fundamental Theorem of Calculus

L v
Thes “CY(“/)ﬂ?‘,;ev/ fr 420,

TL\;S is the Pd-F ok the G‘amma(ov“{/ IQZZ) dis)fr.'él,d-iovx)
Bhich is alss H\(L cl\i-siuare distaibution with L Jejreé. of Lreedom.
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5. Let U ~ Unif[0,1] and X have pdf f(x).
We wish to find a transformation from Unif[0,1] to the distribution of X. In other words, we

want to find a function g such that if X = g(U), then the pdf of X is f(x).

(a) If we want to apply the Transformation Theorem, what do we have to assume about g?

We must assume that q is invertible, and that gt is differentiable.

(b) Apply the Transformation Theorem to the situation described above. How does the
theorem allow you to find a transformation function g?

We want: f(x) = {,(h(x))'\ k/@‘ where  h=g".
Sine U~ Und[01]  the Pd‘c of U is
£(s)=1 6 Ozucl oand £(W=0 oferwise.
Assiming O = hx) 2L, ue want L) = Lo WG
This weuld work # KNG = £(x).
Intequte to obtain h()= [ 604t = K(), the ot of X.

_ A . -
Thus, h=g', we find that  g(u)= K ().
(c) Does your function g satisfy the assumptions of the Transformation Theorem? Explain.
SUNAOSQ- WCX (,’XX s Posijr'lue, on some nterval T and ‘Fx(x} =0 otheruise.

Thea Fx()é\ is gh—ch)/ ;/\creas‘n\\% on I/ and  thus invertible on T
(FX is one-to-one on IB So F;l esists,
So ﬂ: qu and h= Fx

Since E((')‘\:S‘(:x(]c\o(t/ Fx is differentiable by the
FUV\AO(YVICV\"'Q\I TL‘QOFBV"\ o'p Cnlcu'us,

T\r\us, ‘H\e ass\m’sﬁor\j o*c H«e, TNAS‘ForMa‘h'or\ Theore/v\ art gﬂ’is-(n‘eo('.
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x+1 if—-1<x<0,
6. Let X have density given by fyx(x) ={1—x if0<x <1,
0 otherwise.

(a) Sketch the pdf of X.

\ -‘Fx ("‘)

-1 o 1
(b) Find a formula for the cdf Fy(x). Also sketch Fy(x).
x X 2
x j (D)t = [.;y +t] = X L
_ -1 o Z

El)=| Mot =

= R _1 L)X
2 TL (1-6)dt =7 ﬂk - ﬁ]o

+
had
4

To <ketch the inverse,
‘Hif Fx across  the

line Y=X-

To fid o formula Hor F;(l} we must consider  each piece of
Fo seporately. Lot u=K() Hr -Lexel,

Tf -1exeO, then Ozuzs. TF Dexsl, thea Lcuce
z 2
In this case: (,(:2;_—4-9(4'—%- In this case u= :%-*’x—iz'
lule*}x +1 2w =-1 -2x+x*

O= 'XL*Z’X* 1-2a O= X‘L—Z¥“1+2u

- -2u t (Y-Y(2u-1
S22t | sy 22D gy

so: X >

Day18 Page 4

—]7'?-* x-% F O2x<]



T}'\us, the myerse o‘YL w= E((.X) s

I G Fra -y
FX (U\\ = 1 - IZ-Zu i€ é<u$1

(d) Write a program to simulate values of X. Simulate thousands of values and make a histogram.
Does your histogram look like the density you sketched in part (a)?

Ma'l’keMahca'- R: s1r:X=<;u:l132E;;on(){
if(u <= 0.5)1{
simX[] := Module[{}, return(-1 + sqrt(2*u))

1 #else

= RandomReal[];
u = RandomReaZl]; return(l - sqrt(2 - 2%u))

Iflu<1/2, x=-1+Sqrt[2u], x=1-5qrt[2-2u]]; }
Return[x]

] xvals = replicate(10000, simx())
hist(xvals, freq=FALSE)

xvals = Table[simX[], 10000]

Histogram[xvals, 20, "PDF"]
1.0

06/ — - Yes, this  looks

H like (erf (o),

" It

-0.5 0.0 0.5 1.0

Day18 Page 5



