Worksheet Solutions
Math 262 « 3 November 2022

From last +ime:

6. Let X ~ Exp(A) and 0 < a < b.
he >
(a) Whatis P(X = a)?

,:irsjf, the ddf: \//'7//’
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New preklems fr 'l’odayt

1. Suppose that the time between goals in a hockey game is exponentially distributed with mean 18 minutes
(ignore timeouts and stoppages). Let X be the time from the start of the game until the second goal occurs.

O X, A= K. X| ond K, are e_ac_L\ E)(‘D (T\s_
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Lot X=X« X, Tha ¥~ Cromma LZ/ \23. independent- rndom  voriables
a) Sketch the pdf of X.
@ P flx; 2, 18)
X
o 122

(b) What is the probability that the second goal occurs less than 30 minutes after the game starts?

Trea P(X¢30) = paamma(30,2, &) = 0496
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. Suppose that a call center receives calls according to a Poisson distribution at a rate of 2 calls per minute.
Let Y be the time between 10:00am and the 5" call received after 10:00am.

Tine lbetween  alls s Exp(2).
\_['u GaMM(S, -?‘:\ s e wm of M Exf) (2} rvs.

(a) Sketch the pdf of Y.

(b) What are the mean and variance of Y?

()= 54= %
\/ar(Y> = 5("5)11 %’

(c) Whatis P(Y < 1)?

| R
¢ -2y

[ &y dy = pgema(L, 52} = 0.0526

. For large a, the gamma distribution converges to a normal distribution with mean af and variance a82.
Investigate this in the case that § = 1.

(a) Let X ~ Gamma(10, 1). Use technology to compute P(X < x) for various values of x.
Table [CDF [GammaDistribution[1®, 1], x], {x, 4, 16, 2}] // N

{©.00813224, ©.083924, ©.283376, ©.54207, ©.757608, ©.890601, ©.956702}

(b) Let Z ~ N(10,v10). Use technology to compute P(Z < x) for the same values of x that you used in
part (a). Do you find the probabilities to be close to what you found in part (a)?

Table[CDF [NormalDistribution[1@, Sqrt[10]], x], {x, 4, 16, 2}] // N

{©.0288898, 0.102952, ©.263545, 0.5, ©.736455, 0.897048, ©.97111}

These ]m*obaba:'}i}les are  Somewhat close o Hhose in par‘f' (a).

(c) Now choose a larger value of a, such as a = 100. Compute some probabilities to verify
that X ~ Gamma(a, 1) has nearly the same distribution as Z ~ N(a, \/E)
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g = Table [CDF [GammaDistribution[1@0, 1], x], {x, 80, 140, 108}] // N
{0.0171e83, ©.158221, ©.513299, ©.841721, ©.972136, ©.99725, 0.999839}

n = Table [CDF [NormalDistribution[100, 18], x], {x, 80, 140, 18}] // N
{0.8227501, ©.158655, @.5, ©.841345, ©.97725, ©.99865, ©.999968}

g/n
{©.752809, ©.997263, 1.0266, 1.00045, ©.994767, ©.998598, 0.999871}

4. The skewness coefficient of the distribution of random variable X is defined
_E[X -w?]
o8
How could you compute the skewness of X ~ Gamma(a, )? Then compute the skewness
of X.

‘ L o0 3 ] el =%
option 1 inteqrate &o (x—xﬁ}mx e * dx = Z,EBOQ

_ 2ﬂ3°< — 2 NoTE: The skewness
5° )/—— B alefenals (>/\l/ on te

( R P‘L>3/z \IT,Z

s)mfe parawd-u‘ AL

Ofﬁ'ior\ 7. MaH/\e,Ma ca Skewness [GammaDistribution[a, £8]]
2

Vo

BONUS: Show that T (1) = V7.

Ty = e i
R A D L R e i

o 1
Substitute: 7=Q; standard  noemal fwff"
X = 1—7; 1 « —Xl’_
2 2r ) ® s dx =1

dx =y d
1 4y L =

%
sojoe dx="5
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Solutions: Problems for Review and Practice
Math 262 « 3 November 2022

1. Aninterviewer is given a long list of people that she can interview. When asked, suppose that each
person independently agrees to be interviewed with probability 0.45. The interviewer must conduct

ten interviews. Let X be the number of people she must ask to be interviewed in order to obtain ten
interviews.

(a) What is the probability that the interviewer will obtain ten interviews by asking no more than
18 people?

X i< neﬂa‘*ivc binomial v with |::=O.L45 and r=10.
P(X <18) = prkinowm (8,10, 0.45) = 0.2527

(b) What are the expected value and variance of the number of people who decline to be interviewed
before the interviewer finds ten who agree?

E(X_loy = E(X} - 10 :_OL(({)_S- — 10 = ’222
Var(X"LOB = Var (XB — 10(1-04s)

cas® - 2716

2. Let X ~ Geom(p). Find the expected value of %

X has  mass Lonction P(X):O_P)X"r £- x=1,273,...
Thea E(%): 5L = pIn(p)_

x=1 p-L
L u
. = x_ 1
TO See ‘H\[S} start L\)\HI\ Yhe ﬂ@""‘&‘}‘r((_ Secies 2 = o

Iyﬁ'eﬂt‘a‘f(’_ both Sfc{eﬁ, and do some 0‘366"\0‘

OP/ UL, Ma'\’t\el\/\a‘}'ma or \/\lol‘pmm Alf)t\a +b @\Ja(umLe ‘H\e sum,

3. Suppose that X ~ Exp(3), and let Y = | X | denote the largest integer that is less than or equal to X.
For example, [ 2.1 | =2,[599] =5,and | 14 | = 14.

(a) Is Y a discrete or continuous random variable?

Possible values of Y ae O 1, 2,3 ..., o Y is discrete.
(b) Find P(Y < 1),

P(¥e 2)= POce2)= [3eue - e

2

L= 1-e 20975

(c) Find P(Y = 2).

P(Y: ZX = P(Z& K 3) = Sjge%xd’x - _e-3><

3

-6 -9
,= ¢ -e x00023
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(d) Can you generalize? What is P(Y = n), for any positive integer n? Is the distribution of ¥ one of
the distributions that we have studied in this course?

M+ nel

P(\(: r\\: P(n £X<n+l> :S 3¢ = ~e | = -e‘B(A*I\ﬂLéBN = e-y(l"’:z) - <1“f’)nf)’

n n
w\nere = 1‘8‘3.
This is almost  the pf of a jeomdm‘c_ random vari able.

R €“C+; Y+1 has  a %eomeﬁfc distribution with p= 1-¢*%

4. Let X ~ Uniff0,1]. Compute the nth moment of X in two different ways.
(a) Use the formula E(X™) = fol x"dx.

E() = [y e = | = 7

(b) Use the moment generating function My(t).
1
€

My (¥) = €
1L £ t=0

F EEO
o9 " 2 k3
Reu” Hat e,{-=mz_)%: 1L+t +%r%f—+--».

o9, n-1
les) os o P»ouef‘ serfcs/ /\/\X({\ = ﬂi/

nl
n=1

n=D

00 n [ i'\
RQ\I\&Q){IV\Q; N\x&\: é (f“\l_ = Z)y\-\—l “nl -

Tl\e, COQ’Fp;P,I\"' of t

n
n?

in the powe serie¢ is E(X'\), Se E(Xy\>:%

5. Choose a point uniformly at random in a unit square (i.e., a square of side length 1.) Let X be
the distance from the point chosen to the nearest edge of the square. Find the cdf of X. (Hint:
draw a picture!) Then find the pdf of X.

Frc, fid the  af of X D helpful +o drao a picdoe:
T x<[0,4), thea

Rl =P(Xex)= L-(1-2)" = 4x-4x*
Thes, the paf s

Sl = ER6)= Al-9)= 1-8x & Oexzi.

P(Xix) s this area.
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