Worksheet Solutions
Math 262 « 1 November 2022

1. Let Z be a standard normal random variable.

(a) Whatis P(Z < 0.8)? As an ir\+ee\ra I

0.8 .
£lx; 0,3) P(z<og)= jw = e %4 0788

Af‘ea = 072%

n R: prorm (O- g, 0,1) = 0.788

ot phorm (O.%)

— X

in Mzathemotica: In[1]:= CDF [NormalDistribution[], ©.8]

Oui[1]= @.788145

(b) What number c is such that P(Z < ¢) = 0.4?

Thic s on inverse CDF  coleulation  +hat
A"Q“:Oq we cCan ot\\y do aPP°°7<iM“+"'[X

c=-0.253! R: qrorm (0.4) = -0.253

Mod'hemmjr‘lca In[1]:= InverseCDF [NormalDistribution[], ©.4]

out[1]= -@.253347

2. Let X be a normal random variable with mean 24 and standard deviation 2.
(a) Whatis P(23 < X < 25)?

A 0232 one OP*HOA n R
rea = .

JPl\orvv\ (ZS/ 24,2y — Pro rm (23/ 24, ZX

= 0.333

\C (’X/ 2‘{/ 2>

23 2% 4 one option ia Mathematica:

In[3]:= Probability[23 < x < 25, x ~ NormalDistribution[24, 2]] // N
out[3]= @.382925

(b) What number c is such that P(X > ¢) = 0.2?

one OP'Hor\ A R'-

%f\Or‘M (O,%/ LL‘/ 13 = 256g =c
Area= 0.2 Ti-02

Oone O]0+}or\ in  MathemaFica:

In[5]:= InverseCDF [NormalDistribution[24, 2], ©.8]

out[5]= 25.6832
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3. What is the probability that a normal random variable is within 1.5 standard deviations of its mean?

The oanswer 1o +his oLuesHon does not depead on the wean or stondard

deNiotion s the vormal random variahle |

We can vormalize and compute vsing ENI\](O,Q

P(,u,—l.&r < X < /4,+{Ss-> = P(-I.S <2< |,5) = 0.866 Acea=| 0.R66
AL
R’. phorm (LS’) — prerm (—[.5) "l—‘»—s-?_/ "-T;J

Mathematica:

In[6]:= Probability[-1.5 < x < 1.5, x @ NormalDistribution[]]
out[6]= ©.866386

4. Suppose that a fair, 6-sided die is rolled 1000 times. Use a normal distribution to approximate the
probability that the number 6 appears between 150 and 200 times (inclusive).

Let X~ Bin (IOOO/ '(\;> be the number of £
Thea  E(X)= 20 ond o (%)= 222~ 11785

Then X s apfsrox]w\a{'ely Z~N(‘°°° HA8>.

6,

rolled.

P(lso < x < 2003 = P('SO < z : 200) = Olqlq NDrMa\( GfP(Oximm‘HOI\ +a ‘H‘ﬁ b;I\OM'\“
Rinomial distei bution diskeibution s Vgood”
gves  0.92649S

when

np 210 and n(1~f) 210

CONTINUITY (ORRECTION: P(l44s <2< 200.5) = pazs

BONUS: Let f(x) denote the pdf of the N(, o) distribution. Show that the points of inflection lie at
x = u * o. (Hint: differentiate twice with respect to x.)

\C(X) M, @)

inflection

) == e owy

Sm\_ Po?/\'\'s
{
L —(xen)  lem): |
16y = w7 — 5%« e + -
g S M-G" /11(, MG
I = | —(X'MY SN L PR - —(xen)?
f (XX - oee © /(Zﬂ‘ZB + E:S—E): e( )/(7"‘1) :\(X :\3 ° e ( M)/(z"'z\
[ 27
PR=0» i = T 5 o ea) > xou-se > =
%) = = s G - = § = (X-u M=t = X=Mtc
" —
Fur'{'}\er Moré: ’ ' - S x

L concave M-S concave M+G~  Concave
ue doun up
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5. Suppose that emails arrive in your inbox according to a Poisson process with rate 2 emails per hour.
Then the time between successive emails is an exponential random variable with mean 30 minutes.

(a) What is the probability that an email arrives in the next 20 minutes?

X~ Exf’(%> P(X < £)= [ 2e™ s = e[, = e¥ - L vou%e
?

+ = 2 al our
Yote X\ emails/h “%Lour - 20 mi

(b) What is the probability that you don't receive any emails in the next hour?

We can use  the exponenJr{al distribution:

X~ EXP()\:— 23/ <o P(X> j_\: jWZéZ’(olx = —e-z" = 6—2
) | e

E(X\: .l)\_: z L\D\/f‘ = 30 yan%’@S

AH'ernai'l\\Jely/ vse 'H')e, POISSo/\ J,"S’"/‘;Eu‘f’/‘b/\: ) reCﬂH ?OfSSDV) P"’\WC

YNPOI‘SSOA(M:Z\)/ o P(\{:O\: 8’2%: 6'1 ot M

x|

(c) What is the standard deviation of the time until the next email?

oy = E(XB = % hor = 30 mintes

6. Let X ~ Exp(A)and 0 < a < b.

(a) Whatis P(X = a)?

We will come back to Hhis
on Thql‘sa!a/,l

(b) Show that P(X > b | X >a) =P(X > b — a).

(c) What other distribution satisfies the equality in (b)?

(d) The property in (b) is special, in the sense that it doesn't hold for most random variables. For
example, if U ~ Unif[0,10], show that P(U > 4 | U > 3) # P(U > 1).
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