Worksheet Solutions
Math 262 « 20 October 2022

1. Suppose that 45% of the phone calls you receive are scam calls. Assume that the probability of a
scam call is independent from one call to the next. Let X be the number of calls you receive until
(and including) the next scam call.

Express each of the following probabilities in terms of X. Then compute each probability.

(a) The probability that none of the first 4 calls are scam calls.
(.l
X~ Geomeric (0.45) P(x >4) =(0.55)' = 0.092

(b) The probability that none of the first 7 calls are scam calls, given that none of the first 4 calls are
scam calls.
P(X>%amX>4) P(X>7) (0_55)? 3
P(X>72 [ X=>4)= = = = (0.55) = 0.16¢
(X + l 3 P(X’HB P(X >q> (0.55)\\ \L_E
Twis s P(X>3)

(c) The probability that none of the first 4 + k calls are scam calls, given that none of the first 4 calls
are scam calls.

)q ¢k

P(X>4+k)y (055

X _
P(X>y)  (0s8)! = (088)" = PX>8)

P(X>9+k [ X>4) =

2. Generalize your answer from problem 1(c) above. What property does this suggest for geometric
random variables?

For‘ X“ GcoYV\e+r]c(P> ond inJrejers O<s< f, N\E.Moryless
ropert
P(X>t’ X>SB - P<X>-t—_3>. P Pef' y

3. Let X ~ Geometric(p).
(a) Compute the mgf My (t).
M ®) = E(e*) = 3 &= 7p

X=l
P(X =x)

(b) Use the infinite geometric sum formula },;_, ar™ = & to write My (t) without a summation.
20
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- 1_105 5 (e (%P\)X

=1

X

/L—Seovv\d'ric series: q=r= et(l—p)

__r . &t 7)) _ r?ft
AP 1-é(1p) 1 -et(1-p)

X
4. Suppose random variable X has probability mass function P(X = x) = % (%) , for integers
0<x<3.

(a) Verify that this is a valid probability mass function.

*non V\Cﬂa‘“\/e iro babi lities

. Ve 27 Lo, 1\ 27/ 1-G
Stm 18 HO(l"'E*?Jrz_?)_ﬁB' =L

‘1‘ +€I‘Ms u'f‘ a jyngﬂ'rtc_
series with r=£—

(b) Compute E(X).
_ 9 ! | _ 4+6rt2 q
(0= 012 e s et e &

(c) Find the moment generating function My(t) of X.

Mx({\ - E(C£X> = e’ %‘;‘ + et'uq; * Je% s

_m+1
(d) Use the finite geometric sum formula } ;- ar™ = % to write the mgf without a summation.
_ C‘t)‘i 8, _ 4t
£ = tx\ _ 0 27 t, 4, %3 3&1_2—7_1(’3’_ <
MX(\ E(C ) e w Tt ¢ 'GoTe g T o 1-(%) B L}D(S—et)

Commen  rotio" [=

(e) Use technology to compute My (0). Does your answer agree with the expected value of X
computed directly from part (b)? — Yes |

M Jv\ _Ql-ett MATHEMAT ICA:
X ( - m Define the moment generating function M(t):
4
n[1]= mx[t ] := 27 (1-(Exp[t1/3)
40 1-Exp[t]/3
l q
M X (03 = z = E (X) Differentiate and evaluate at t = 0. This gives E(X).
In2]:= mx " [@]

out[2]s —
! 28

We s‘l‘oﬂ-‘ed here in  class.
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The rema'min3 prouems are presented as odditional examples.

5. The skewness coefficient of the distribution of a random variable X is

_E[(X - w7
y_ 0_3 -

The skewness is 0 if the distribution is symmetric, positive if the distribution is skewed right, or
negative if the distribution is skewed left.

(a) Expand (X — u)® and use this to express E[(X — 1)®] in terms of the moments E (X), E(X?), and
E(X?3). Then express y in terms of these moments.

Frst: (K- )= XP-3X s 3L -4
Then:  E[(X-w¥]

(l

E(XF) - 3E(C) e + JE(X) s - 4

= E(X*) - 3E(X)E(X) + IER) E(X) - E(%)
E(X) - JE(XNEX) + 28(%)°

Also o = [g(x) - E(x)

E(X) - JE(X)EX) + 28(x)°

£ - EGVJE

(l

Tl/\ere wcov\e . Y =

(b) For each of the following random variables, use Mathematica to compute the first three
moments from the mgf. Then compute the skewness coefficient. Does the skewness
coefficient agree with what you know about the shape of the distribution?

« X ~ Bin (10, %)

ni= mx[t ] = (1/2+1/2Exp[t])~10
(mx'''[0] -3mx''[@] xmx'[@] +2 (mx'[0])~3) < [his ifp”‘@ numerafer
[) Y.

outzl= @

\JZO, which  means the distribotion s symmetric
. 3
+ X ~ Bin(10,%)
np= mx[t ] :=(1/4+3/4Exp[t])~1l0
(Mx'''[@] -3mx''[@] #mx'[@] +2 (mx'[@])"3) / (mx''[@] -mx'[@]~2)~(3/2)
[2
outfdl= - ,[—
\1s 5 _
= '!l—s < 0/ co the distribuFion s skewed left
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+ X ~ Geometric (%)
nis= mx[t ] := Exp[t]/ (3-2Exp[t])
(mx''"'[0] -3mx"'[@] #mx'[@] +2 (mx'[B])"3)/ (mx''[@] -mx'[@]72)"(3/2)

Out[e]= i.v—
.6 5’ R .
N T= —\@: >O/ so the distribution 15 skewed f"j}\-\—

+ X ~ Poisson(4)

inf71= mx[t_ ] := Exp[4 (Exp[t] -1)]
(mx''"'[@] -3mx""[@] *mx"[@O] +2 (mx'[@©])"3) / (mx"'"'[@] -mx'[@]"2)"(3/2)

out[8]=

N =

\6=Ji7Q o The distribution i skeuved r}jh‘l'

6. The monthly amount of time X (in hours) during which a manufacturing plant is inoperative
due to equipment failures or power outages follows approximately a distribution with the
following moment generating function:

1\ _
MX(t)=<1—7.5t) = (1-259)7°

The amount of loss in profit due to the plant being inoperative is given by ¥ = 12X + 1.25X2.
Determine the variance of the loss in profit.

Mx (€)= IS (1-254) M) =15 = £(X)

Mi(6) =337.5 (1-7.54)" M (0) = 332.5= E(x?)

MO (€ =10125 (I-7.54)° MO() = 10128 =E(X)
MO &) =3796387.5 (- 754 % MY(o) = 379687.5 = £(x4)

E(Y) = REX) + 125 E(X) = 1208) + |.2s(337.5) = 60l.87S

E(ﬁ: E(wux®+ 30 X%+ %X“) = 144 (33725) « 30(10) 25) + %(37‘1687,55 =qts6|2

Var (Y) = E(F)- () = 95612 - (b0l.275)" = 583 358
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