Worksheet Solutions
Math 262 « 29 September 2022

Chebyshev's Inequality: Let X be a discrete random variable with mean u and
standard deviation o. Forany k > 1,

1
P(X —ul 2 ko) < 5.
In words, the probability that X is at least k standard deviations away from its mean
is at most k_12

1. Verity that Chebyshev's Inequality holds with k = 2 for the random variable X from Problem
4 from the previous class, using the value k = 2. That is, check that P(|X — u| = ko) < k_12

Recal\ My = 6.6 and Oy = \!S_LIL{ % 2,33

Con sider: P (IX_—é.é»I 2 2.(2.33)) 262446 2e g
D —— Y
- P('X-é)é’ = %66) am-20 =1.4Y M=6.4 M2 =(1.26

=P(X <1t o X2 H.lé)

-——'O (S]Aca_ X 4akes no values less Fhan q or jr‘oa"’er than lO‘>

Sinee POX‘M,ZZO‘):O/ which is less than 2r=

>
2t Kk,

we see that Chelg/sl\ey’s inectua[i#/ holds in  this case.

2. The number of equipment breakdowns in a manufacturing plant averages 4 per week,
with standard deviation 0.7 per week.

(a) Find an interval that includes at least 90% of the weekly figures for the number of
breakdowns.

APPI/ Ckeb/shevls IneaLualh‘-/ with k  that solves %:=O.L
That is k= Jio = 216

I
probability < -3
/_% \(/ 7 =k We want:
Probability > 1- L >

1- 12 0.4
B /“1*, — <t e ,‘,‘.“.“,@ k

M-ko M Mrke

Cheb/shevls Ineztuo.!hl/ +hen cays:
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P(!X-ﬂ 2 3.14(0.7)> = P(|x-4] = 2.7.1)
= P(Xﬁl?‘? o« K= 6.2{> <01
Take he complement Fo Flip the inequalidy:
P(1.79 < X< 6.21) > 0.4

So the interval (179, €.2]) includes af least 402 o
‘H\g V\meQF,S o-@ \,Jee_k\y Lreakdowns_

(b) A plant supervisor promises that the number of breakdowns will rarely exceed 7 in a
one-week period. Is the supervisor justified in making this claim? Why?

Fr‘om Par+ (0)} We See 'qur!’ 701 o‘P \,Jeaks hm}e less ‘H‘\M\
? Ereakdowns.

We can do even beHer £ we app)7 Che,kysheu's, Inu(/ualh‘y wth k=5
P(I1X-1]25[7))= P(X =05 = X=75) = P(X-0)+ P(X>7) sg’z

So P(X>?>éz's—=o.oq,

Thus, the pr‘obak;/l'*/ of more than # breakdowns in a  week is

not 3rea+€f‘ H\an 0.04., The suloervisor's claim ceems Jus{—‘.\c.‘ed.

3. Suppose that 45% of the phone calls you receive are scam calls. Assume that the probability
of a scam call is independent from one call to the next.

(a) Let X = 1 if the next call you receive is from a scam call, and X = 0 otherwise. What
type of random variable is X? What are its mean and standard deviation?

X ~ Rernoulli  with 1o= O~'1’§/ or ertuhmle/\f[y X ~ B"A(l, O,HE),
E(X\ = 0AMS, Ox = Jpus)loss) = 0.447

(b) Let Y be the number of scam calls in the next 40 phone calls. What type of random
variable is Y? Sketch the pmf of Y.

probability
Y ~ Ria (“(O/ O.‘15> PM\C3 G'12;:

0.10}
0.08!
0.06!
004!
0.02!
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(c) What are the mean and standard deviation of Y?

E(\[\: %O(o.qs) = 1%

o = | 40 (0.45)(0.55) = 3.1y

(d) Suppose that you lose 30 seconds of your time every time a scammer calls your phone.
What are the expected value and standard deviation of the amount of time you will lose
over the next 40 phone calls?

Let  2=20Y Le 4he number of seconds you lose.

They\ E(Z\ = 30 E(Y\ = 540 secwdsl and N 30 oy = CH Seconds.

4. A coin that lands on heads with probability p is flipped ten times. Given that a total of 6

heads results, what is the conditional probability that the first three flips are heads, tails,
heads (in that order)?

5. Among persons donating blood to a clinic, 85% have Rh* blood. Six people donate blood at
the clinic on a particular day.

(a) Find the probability that at most three of the six have Rh* blood.

(b) Find the probability that at most one of the six does not have Rh* blood.

(c) What is the probability that the number of Rh* donors lies within two standard
deviations of the mean number?

(d) The clinic needs six Rh* donors on a certain day. How many people must donate blood
to have the probability of obtaining blood from at least six Rh* donors over 0.95?
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BONUS: Let X~Bin(n, p). Show that E(X) = np.

» N nox 2 (n-1 ! - n-x
EX)= 2 < (3) P () = g 2 x o (A,}A! P ()
n A—I)! x-1 n-x
= np & P )
) et Q':’K’i

s n—l) A==\
=hy Zo J(UB']O (1?’)\)

-nrz;(“ ‘ el (1-py
“ Jl ) LH/\DWnal H\o,orem
=np (p+( f\

BONUS: A system consists of n components, each of which will independently function with
probability p. The system will operate effectively if at least one-half of its components function. For
what values of p is a 5-component system more likely to operate than a 3-component system?

Let X~ Bin(5, p), The probability that o S-component
System  funchions  effectively s P(X > 3))
Similarly, let Y~Bin (3,p). The probabilty, that o 3= component
System functions e‘pwfccl"/vdy is P(YzZ)_
Thas, we wWant P such Hat:
P(x2s) > P(Y:2)
P(X-3) + P(x=4)+ P(%-S) > P(Y¥-2) « P(Y¥-3)
O g (1) = Sp'(ig) + p° > 3pt(p) + P
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S-lmpl;(’} b obtain:
3(p-1)"(2p-1) > ©
1
P2
A S"(/omlsor\e/\‘f' 575‘]'(”\4 is More Illke(/v ‘Hmn a z”Coyvlf)one/ﬂL
$7s+em to o;oermLe ef-ﬁed—iua& o )0>'1Z—
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