Worksheet Solutions
Math 262 « 27 September 2022

1. The cdf for a random variable X is as follows: 0 x<0
02 0<x<1
. ible  valu oFf X -

(a) What is P(X = 2)? e e o 2 F(x) =405 1<x<2

08 2<x<4
P(}Q=)_):F(ZX—F(2-} < 03-05<03 1 4<x Dw

14 - - - _ _ _

(b) What is P(X = 3)? : T

P(X=2)=03 {
— cdf

PX=3)= FBE)-FG)=0.8-0£-0 Treneos

(c) What is P(2.5 < X)? NS FR-) = (m Fx)

x>3

P(Z.Ssx) =1-F@s)=1-083=02

(d) Sketch the pmf of X. o3l fW\’F
The nonzero  values of 02 P(x)
F(XB are F(O): 0.2, ol
p(D=03, p(=0.3 an :
b (q)= 0.2, o 1 2 3 4 x

2. Each of the following functions might be the pmf for some random variable X. How
can you determine whether a given function is a pmf? Which of these functions is a

pmf?
(@) p(x) = 2 — 3x for x € {0,1}

This s mt a PM‘C hecause ‘O(l):—i/
but pf‘o)oab}l?'f'iu Must  be nonneﬂod-i\fe,.

(b) p(x) == forx € (1,2, .., 5)

5 2
X L+4+ 9+ 6425
; =

_ 55 ]
50 50 ~ 507

This is nt a Prvnc because

(c) p(x) = logy, (x7+1) forx € {1,2,...,9}

Since PCX) 20 b x=1,2,.,49 oand
and % lo.. (7%> = l°3lo(_?'%%””'%) = log, (10) = 1,
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His s a pmf.

(T)li.s is ‘H\& PW\'C OP ‘H\Q dl'S"‘r}Lu"';on kV\owf\ as Bem’%m('s Law.>

3. Which of the following properties must hold for any cdf F(x)? For each property,
either say why it must hold or give a counterexample to show that it might not hold.

(@) limy_,_, F(b) =0

\fesl since P(Xik>—>o as b —-00,
(b) liInb—>oo F(b) =1

\fe,s/ since P(Xf.b)—> 1 as b— o9,
(c) F(x) is continuous

No — consider F(x) in #2 sbove.

(d) F(x) is nondecreasing; that is, if a < b, then F(a) < F(b)
Yes, if a<b, then

/

F(a) = P(X_sa) < P(Xsa>+ P(Q<X£B> = P(Xsl;) — F(b)
His is nof\m.sn-l"we

(e) F(b) = 0.5 for some value b
No — consider the <df in #2 sbove.

4. Let X be a random variable with pmf given by p(4) = 0.3, p(5) = 0.2, p(8) = 0.3, p(10) = 0.2.

(a) What is the expected value E(X)?

E(X) = 4(03) + 5(0.2) +8(0.3) + 10(0.2) = 6.6

(b) What is E(X?)?
E(X) = t*(0.3) + 5(0.2) + 8°(0.3) + 10°(0.2) = 9

(c) What is Var(X)? Hint: use the shortcut formula!

Var (X) = E(X) - (EX)) = 49~ 6.6™ = 5.44
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(d) Suppose the random variable is part of a game in which you win 2X — 8 dollars.
LetY = 2X — 8. What is the pmf of Y?

vy | O 2 8 12
'¥0) \ 0.3 0.2 023 0.2.

(e) Use the pmf of Y to find E(Y), your expected winnings in this game.

E(Y)= 0(0.3) + 2(0.2) + 8(0.2) + [2(0.2) =52

(f) Use the pmf of Y to find E(Y?), and then find Var(Y).
E(Yl> = O (O&) + 2_2(0. 2.) & (0,3) + 12 (o, 2) = 499

Vor (Y) = E(Y?) - (E()" = 4.8 - (s.2)* = 21.76

(g) How is E(Y) related to E(X)? How is Var(Y) related to Var(X)?

E(Y) =2 E(X) - € and Var (Y) = 21 Var (X)

EXfed'ed value is linear, but  variance is not |

<7 N
E(aX*b) zaE(X)«) Vor (aX 4,)—, a* \/w(}d
E(e#) - L,j(x\ﬂ\: o )+ bE( ) +c Toxe, = lal ok
byt (WX 6) = E((axe}) - Efexes)®
= E(o2X+ 26X +L2) ~ (aE(Q< 6"
= = 2 (B - ER) = a Ve(X)
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BONUS: Three balls are randomly selected (without replacement) from an urn
containing 20 balls numbered 1 through 20. Let random variable X be the largest
of the three selected numbers. What is P(X = 17)? Whatis P(X = 17)?

Assume Fhat each of  the (230) <elections are a@ally Iike,ly,

The evest (Kﬁx) occurs when the three  selected  balls have

numbers less  than o equal to x. Thece are (%) Ways  to

select three  such  balls.  Thas,

We then covv\pud'e He  decired probak{l//—)e&:

P(X:W):F(W)‘F(lé}: E?)—%:%:O"OS
P(X217) = 1-F(7)= 1- ) Z ~ 0504
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