Worksheet Solutions
Math 262 + 20 September 2022

1. The probability that Prisca studies for a test is 0.8. The probability that she studies and passes the
test is 0.7. If Prisca studies, what is the probability that she passes the test?

E\/eﬁ’s . A: Prisca studies 83 Prisca ‘oasus
C onditional ~ P(B ~ A) 02 7
Pt‘obab':l;"L)'/-> l (B l AB - P( A\) - 0. % - R

2. A machine produces parts, 10% of which are defective. An inspector is able to remove 95% of the
defective parts. What is the probability that a part is defective and removed by the inspector?
Events: D: pat s "'e‘fed}"ﬁj R: part is  removed
We know:  P®)=0.1, P(R[D)= 045

P(RaD) = P(R|D)PD) = (0.as)(0.1) = 0.045
S —
MuH‘l‘plfca{'ion Rule

3. A soccer team wins 60% of its games when it scores the first goal, and 30% of its games when the
opposing team scores first. If the team scores first in 40% of its games, what percent of its games
does it win?

Events - W: wwin Fo oscore First

/

We kna:  P(F)=04, Pw[F)=06, PW|F')= 0.3

Find P(W\’ F(W):P(Wr\ F\—)— P(WAF')
F A =P(w |F)PE) + P(w(F)P(F)
@ @@ = (0.6) (04) + (0.3)(0.6)

= 0.42

4. A factory uses 3 machines to produce certain items. Machine A produces 50% of the items, 6% of
which are defective. Machine B produces 30% of the items, 4% of which are defective. Machine
C produces 20% of the items, 3% of which are defective.
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(a) What is the probability that a randomly-selected item is defective?
Events’ A machine A ) B machine B) C: machine C
D! defective

i

Fd PR PO) = P(DI1A)P(A) + P(D]BYPE) + P(dIC) P(Q)
A B = (O'O@ (O.S} € (0.0%3(03) + (0‘03)(0,1)
Y 0.04%

\!

Il

S

(b) If an item is defective, what is the probability that it was produced by Machine A?
(D) PAaD)_ POINND _ (od(on) _ £
P(D) B(DY 0.048
Bayes' Theorem !

5. Suppose that a patient is tested for a disease. Let A be the event that the test is positive, and let D
be the event that the patient actually has the disease. Further suppose that:

P(A|D) =0.99 (sensitivity: probability of a positive test if the patient has the disease)
P(A"| D) = 0.99 (specificity: probability of a negative test if the patient doesn't have the disease)

(a) Rare disease: If P(D) = 0.01, what is the probability that a patient who tests positive actually
has the disease?

(o[ Ry = AR PE) ___P) £ elo.)

= _ 1
P(AY PG + PAIDIPD) — (0ad(o0d« [ooost) 2

Ima3?A¢ +es+i45 1000 People‘ Q10 Withoot the discase ond 10 with the disease

s OF  the 10 with the discase, all dest positve § 0 ‘
10 b dests
20 POS

Y Op 'H“’— 1%0 w:%oﬂ' A(\SQN&/ OBD‘){' 10 are Pa(Se Pos;’i';\{ej are “’FUL f)os;‘l'.lJ&S

(b) Common disease: If P(D) = 0.1, what is the probability that a patient who tests positive
actually has the disease?

B (om\(o.l) B
Plolay = bl +enped) O

Ima:\lr\e, +es+l‘n3 1000 ,oe/o,f)’e," 900 uithoot Hhe disase and 100 with e disease

o Of the 100 uvith the diwwsse, dpout 99 Fest pos}'l'ive ji posiﬁue bt
OfF the Q0  Lithot the Afsem, algout 2 ae fale Pos{ﬁves 0% we  +roe

posi+'.ues
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6. A red die and a blue die are rolled. Let A be the event that the red die rolls 2, let B be the event
that the sum of the rolls is 5, and let C be the event that the sum of the rollsis 7. Are A and B
independent events? How about 4 and C?

P(A(\ B) —J— 1
First, P(A)=% and PAIB)=———2 =3 _ 1
Since P(A> # P(Al B>/ events A od B sre dependent

P(AnC o
Secnd P(MCF’(P%%:% =7

Siae P(ABZ P(AlCB/ events A ad C ore independent.

7. A sequence of n independent trials are to be performed. Each trial results in a success with
probability p and a failure with probability 1 — p. What is the probability that...

(a) ...all trials result in successes? .
We'll do this pext +ime.

(b) ...at least one trials results in a success?

(c) ...exactly k trials result in successes?

8. If Aand B are independent events with positive probability, show that they cannot be mutually

exclusive.

We'll oo this next time, tvo.

BONUS: Box 1 contains 5 red balls and box 2 contains 5 blue balls. Balls are randomly removed in the
following manner: after each removal from box 1, a ball is taken from box 2 (if box 2 has any balls) and
placed in box 1. This process continues until all balls have been removed (so ten removals total). What
is the probability that the final ball removed from box 1 is red?

This }or‘ouem is “Hic_ky! I+ uwon't be on the exam.
Number the red bolls 1, 213;4{/5-' Let Ri W the eveat that red lall 1
]S He 'Fi/\u‘ \oo“ &e,lec"'eﬂ(.

Now Hcus on a Pm%?c«:lar red  ball, Soy ball 1. Let NJ be the event Hat
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this ball is mt removed on the % daw from box 1, A0 Je{L2, 34,85
Theot  P(R)) = PNy aNoa NyaNga Ng aR,)
= P (NG P (N, [ NP (N | a0 (N | Nan )
(PN [ NaaNaaNaa N - P(R, | Naa A Ny 2N N)

=4 4,484 i)s,i
55 s 55 T\5)]°F

. = —— ) . <
The ficskt S dravs occur whea there KR"L”A"’*/ Yhat red ball 1 s selected
last omorg the lat S draws from

o box L (abter box 2 U5 emphy).
Similah, P(R)= E)"F £ iefz3usi
Since the evers Ry Ry, Rg ace digont”
P(m red ball is selected lm} = P(&M P(RL) -+ P(Rs)
=5 (%)‘% - @i

GENERAL\ZATIDN ¢ we start wth N red balls and n
lOlU@ La"s) Hhe Probab;lf‘}y Yhat a red ll s selecdted last

—

< n-1\" Licl, 4}“ 1 N o
‘ Tn ), Which converges = as .
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