Counting Problems — Solutions
Math 262 « 15 September 2022

1. In how many ways can 12 distinct books be distributed among four (distinct) children
so that...
(a) Each child receives three books?

C hoose any 3 of 12 books Hor the ficst child, +hen any 3 sf
the Femaining 1 kooks for He second child, and so on.

() D)(5)(F)= z61,700 s

(b) The two oldest children receive four books each, while the two youngest children
receive two books each?

[H)3)(3)(2) = 207 100 e

2. How many ways can you place 9 identical balls in 4 different boxes?

Select 9 boxes from Lf) with reP\acemen+/ order not imPor‘)‘aM‘.

ae4-1 121
V\=Lf/ k':- q Y\UW\lOU D‘F' \,Jays" < a ): ’01\_37: 220

3. How many different dominoes can be formed with the numbers 1, 2, ..., 6? How about
if the numbers 1, 2, ..., 12 are used?

° Ckouse. Z r\uy\\oers 'Fro/h 6/ \,\)H’i« rePlatemen+/ ordec unimp°r+4ﬂ+/
. 2+(-\\ _ [(7T\ _
n ( 2 ) - (?_> - 2_1 uays

* Bor nowmbers ./L, -~ 12 <2+I21—L>: <'§) = 78 oy s

4. How many ways can 7 identical jobs be assigned to 10 (distinct) people...

(a) ...if no person can do multiple jobs?

o

Choose 7 £ 10 P%fk‘ (7): 120 usys

(\)i%w* refla\z,me,\f, ocder not .‘».pori-anl\
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(b) ...if a single person can do multiple jobs?

No choose 7’ oF 10 ﬂeOleQ 7+10-1 16
. : ( f?— ):<¥> = H/L{L}O \Jny;

with reploceme/d', ocrder not
;r\}oor‘}‘a/\*’

. Seven awards are to be distributed to 10 (distinguishable!) mathletes. How many
different distributions are possible if

(a) The awards are identical and nobody gets more than one?
|o
C_lhoose ? out of 10° <1) =120

(b) The awards are different and nobody gets more than one?

0l
Peryv\mLa‘}'Ions ot F seled'eo( Lrom 10 10}

—7 = 604,800

(c) The awards are identical and anybody can get any number of awards?

SQ'\ZCHOV' \»)"M‘ f@fl“CQMW\"‘/ order  Joesn'+ matter

<;+110—1> = (%) = 0o

. Consider the 20 "integer lattice points" (a, b) in the xy-plane given by 0 < a < 4 and
0 < b < 3, with a and b integers. (Draw a little picture.) Suppose you want to walk
along the lattice points from (0,0) to (4,3), and the only legal steps are one unit to the
right or one unit up.

(a) How many legal paths are there from (0,0) to (4,3)?
EVQP)’ leﬂﬂl PO\H\ ‘II\VO|V65 ? S'}'eps/ 2) c\c which are “u{.\.q

Choose any 3 of the 7 s+e|os o be “up’ in (;’3: 35 Ways.

(b) How many legal paths from (0,0) to (4,3) go through the point (2,2)?
Qetmovm\j as before, tHere are (‘;.B:é lejal paths  Frow (0,0) b (22)
od (=3 legal poths  from  (2,2) b (43)
Thus, there ae 6:3 =18 paths in all
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7. A box contains 5 red, 6 yellow, and 7 blue balls. The box is stirred and five balls are

chosen without replacement. What is the probability that the 5 balls chosen include at
least one of each color? Do this in steps:

(a) Let E; be the event that no red ball is chosen, E,, be the event that no yellow ball is

chosen, and E3 be the event that no blue ball is chosen. Find the probabilities P(E;),
P(E,), and P(E53).

)
There are (5) way s fo  chosse S Lalls (o ony ulum)l

Tl\ere are (I§> L\\O‘ys +‘o c hoose. 5 Ea“s) None O'F uL?cL\ ace  red.

12
Ths,  PE)= éi) =%~ 6.150.
S
12
1)
Similarl, P(El)—: EE% = “I; x 0.092  ond F(E) éx) =?l(%+-x 0.0s¢

(b) Find the probabilities P(E; N E;), P(E; N E3), P(E; N E3), and P(E; N E; N E3).
E‘ N Eq_ Is ‘H\L event Haat S blue balls are  chos en, SO

(E)
(5) o

PE nE)= o

SIM\larly/ P(EmE;)—-(( } = HlZ_X = 0.000 7

wd  Pe,nE)= (”‘)) X;ézxo.oool.

Since  some  balls must be  chosen, P(E, nEs nE;)s O.

(c) Use inclusion-exclusion to find P(E; U E; U E3).
P(E,vEsUE,) = P(E) * P(E)+ P (Es) - P(EinEr) - P(E0 &)
"‘P(Ez(\E3> + P(E],\E’L ﬂE;)

351
224

* 0.293

(d) Use the preceding result to answer the original question.
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P(a+ least one of each wlw): 1- P(E\ VE, v E;S

_ 4 _ 351 _ B6S
L 224 1224 0.707

8. Determine how many nonnegative integer solutions satisfy the equation
X1+ Xy +x3+x4=7.
For example, one solution is x; = x, = 1, x3 = 0, x4, = 5, which is different from the
solutionx; =1,x, =0,x3 =1, x4 = 5.
First rephrase this problem as a selection problem. Is selection with or without
replacement? Does order matter?

This s e(u}valen*' to  the Garoblem oF Aisﬁ*;bu‘*’inﬁ 7
MQM‘"CaI \oa“s ]n’h? Y distinct oxeg - X, bals it box L
X, balls intr  bhox 2, ond o on.

Tl/ms) we  are sa]ed)y\j 1 boxes out of L}, with rep)acemen+/
order not ;mpar+an+. We can do this  ia

(< ()= 120 o

Thue‘gf‘e/ there,  are 120 soldions +  the QCLUa‘HO"'

BONUS: (\/o\) don't need * know hoo to do these  problems )
(a) How many ways can 24 students be divided into 4 groups of equal size?
C]'\oos(, ’Hr\e. 'C'mﬂ' 3!‘00-{5 n (23) Woys, '|4\e second 3!\ouf in (IE\) Uoys,
'H\Qa tHhird grovp I (%) ways, and the foorth %rou‘a in (g 3 =1 way,

S?r\ce, the ocder  of jr‘oup selection doesnt watter, the nomber of

posser sobdivisions  js¢

@)

4!

= 96,197, 645, 544
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(b) What is the probability that a randomly chosen arrangement of the letters in
MISSISSIPPI contains 4 consecutive Is?

T}\Q, \JOl‘d MlSSlSSW’P] ha_s 11 |e,H—Qr_(/ ;l\gluJ;Aj q gS/ L{ r$) GI\A 2 PS,

141
The +tal rumber of arhangemenb o these  leHers s qrarat = 34,650
To Find dhe nomber of arra'\ﬁe,men‘l's with 4 oncecobive TIs, Hreat the
&l
Le as o s?e\Jle block : Qi = 840 W"ar\ﬂemel\fs.
: " . 340 4
T'/\OS, ‘\"/\0_ A(’_SIPQA ‘Of‘o)ootLvln‘/')/ S — = ]65 ~ O OZLf .

34,650
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