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Math 234
Proof by Induction Day 10

Discuss the following problems with the people at your table.

1. Let’s use mathematical induction to prove that for any integer n > 0,
n
dot=2042l 4224 pon =t
i=0

(a) Define the basis statement P(0) for this proof.

P(0): 2°= 2°°-1

(b) Prove the basis statement P(0). (This will be very short.)

2%=1=2'-1

(c) Write down the statement P(k), the inductive hypothesis.

Pk 2°42'+ wv 2 2™ g

(d) Write down the statement P(k + 1), which is the statement we want to prove.

P(k+b: 2%+2'+2%+ .4 Zk +_Zlutl _ 2k+2_]-

(e) Finish the proof by showing that if P(k) is true, then P(k + 1) follows.

Assvme 2°+2 4 2%4..., 28 o 2¥1_1 < Hn
Add 2k) b Lt sides

kil
\2_042,1*214-...42'_‘4 Zh"= 21=r| 1.2

eft side = P(eIY .—.@“"')(2,) -1

kal ¥1

-2 g
20424 %4y gl . 2% g

T'Las) Pt l) S troe.
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2. Use mathematical induction to prove that for any integer n > 1,

LS SIS S 1 _n
1-2 23 3-4 n-(n+1) n+1

(a) Define the basis statement P(1) for this proof.
P 7r =%
1-2 7 |+l

(b) Prove the basis statement P(1).

1

: _
\/as, Since 2 =3

(c) Write down the statement P(k), the inductive hypothesis.

- l I
k) 72+ T kltl

(d) Write down the statement P(k + 1), which is the statement we want to prove.

_. | l _|/ — k!
PG‘*\\ 1-2 +1-3 Tt (1) (k+2) - I;_

(e) Finish the proof by showing that if P(k) is true, then P(k + 1) follows.

l l L

=

. | .
2T 227 oM T '

]
Add DD A both sides
[

| L
2 23 TNl T Gl T Ty T (k)

k) + 1 ~ k222k + 4
(krt) (k+2) B (k 4.\\0“'2)

_ (qul)Z ki
(YK4D) = ka2

Assume
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n
3. Use mathematical induction to prove that Zz 28 = (n —1)-2""! 4+ 2 for any integer n > 1.
i=1

RASE CASE: Lot n=1. Then +the stafemeat s
]

Z1i2'= 027+ 2, ukich is tre shee both sides oqal 2.

INDVCTION: Let k=21 be an in+¢1€l‘, ond supfose

ii-z; = (k-i) Zkﬂ +2 .

Add (ke 2% 4o bt sides:
. . kel .
(i;.l’)-f (M32|u = (k-rl)Z + (k-\\zk I-|- 2
Cow«l--'nh\ﬂ the su::sl on He left and ‘Pﬁt‘kf:ﬂj on the ""3”'/ we obtain:

ktl . K4l
2i-2 =Zk-2 +2

T‘\us, the s}vea st atenment hold s for n=k+l.

Tl\ere'&re, by mathematical induction, the statemenat holds $or all in'l'eﬂefs nz1l.

4. Use mathematical induction to prove that for any integer n > 0, 22" — 1 is divisible by 3.

Lot P(R) be the shatemet: 3| 271
BAst CASE: P(0) is 4he shatemeat 3]0, uhih is tfrue.
TMducTion:  Assume P(k) is true e some inteqer k=20,
Thet 05, 3 [2%-1, se 271 = 3m A some integer
This implies  2%= 3m+d
Now consider 2200 1.
2V 1= M2 s (B D)L = 12me 2

= 3 C“M"’ 13
Let r=Um +a-, which is an in“'eﬂel‘-

T 2701 230 <0 3|21, and thus Pllel) i e

There fore, ]‘3/ mathe motical indiction, 3‘2"‘.1 £ all .‘dejers n20.
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5. Use mathematical induction to prove that for any integer n > 0, n(n? + 5) is divisible by 6.

Let P(n) be +he slatement 6' n +S>
Base Case: P(0) is the shatement 6‘0/ whick 1s trae.

Inducrion: SvPPo.m P(k\ s tree for  come in+ejer kz0.
Tka‘l‘ fs’ 6| k(k"qs), \.JL.‘clr\ MeOA § k(kz*5)=ém 'r“' some l'n"'ljcr M.

Consider (k+|)((kﬂ)"+5) od vse alae.hm * rephee k(kl*S) wth Em:

(ko)) (e + 6) = (Ra)(KPo2k+€) = (h-\)((klo s) - (2hﬁ>
=k (kl+5) k(zm) (k Ls)+ Zk-t- l)

= + 3kt 4—3k+6 = bm+ k() +6

=6 (m (k' >

Since  ether k or kel s even, ﬂ'ﬂ) is  an in+€3¢"-

T ; :
3, (k'“)((\‘")"g) S a Mdl"‘;flc of 6, and He stalement P(Iul) is troe.

6. Bonus: Find a formula in a,r, m, and n for the sum

Geometric Series — ar™ + ar™ £ ar™t? g™,

Prove that your formula is correct.

n . nel
H 2' Mf'_ m r '1
Formula ar = ar for a,reR‘ m,nez”, r+1.

iz r-1
PRooF-
Base Case: TIf n=0, thea the Rermula s
1‘
ar"" = or" f‘r ']]- , which is true.
P E nei "“ -
LNDUCTION: S“PF""- %ar = ar® rr 11 for  some io"cdcr k.

Add ac™* ' b Loth sides:

. ksl
el Mk 4l M -1 |
(é“" )4 artt = af" war™

o p—y
kal
M - '_lul - 1 "
r =

izz,o a or ( 1 +r )

= l'\ pk/n/1 - k’l

r-1
= arn_r‘iz;l_. which shous +he "M..-h
c-1 helds fe nzkel.

Therefore, by mathomationl indiction, He Hemula bulds e ol

in‘resers nz0.
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