Math 230 — 31 August 2020

_ . dy
EvLER'S METHOD de 27+sm(%)

Questing:
1 Does He O\P‘om)(;Ma{";O/\ Caverge as the skep size decreﬂxese

7. I\C o, Joos it Com/@*je, P the  exoet solutioa sF e J“C[ 61.7

EXISTENCE AND UNIQUEAN £5s

Comparisns 57 - 5x2 4 2x =3 = O
Is HAU(’, a So'u‘hvhn?
IS Yhe Qo/u‘hbn \)ml%ygz

;(’t = 'F('k, 73/ 7(&3\‘-‘70

EX 1ISTENCE® I‘ﬁ F{%/}/} S continuous ia a fcc‘l‘a’j ,6
(,9\A']'a1'\/\i/\3 ({q; YoB/ +L€r\ « solotion ewisk
H\rooj }\ }L\;—( )oo.‘r\* .
3t ;
uniaueness TF flby) ad 3, ae otk cantinms

in  a rcd‘d'\j[b (,on‘m‘aiﬂ UO,%\, 'H‘(y\. t
He ¢oludim -quij Uo)y,B s oA[oer.

dy
a
1. Consider the differential equation COS(t@— sin(t) y = 3t cos(t).

(a) At what points (t, y) does a solution exist?
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(b) At what points is the solution unique?
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(c) If a solution y(t) is such that y(0) = 0, what is the largest interval on which we can guarantee that this
solution is unique? (
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Compute an approximation with 10 steps:

nie= Clear[y]
flt_,y_1:=2y-Sin[t]
y[o] = 3;
steps = 10;
At = 1.0/ steps;
Do[y[n+1] = f[Atxn, y[n]] *At+y[n], {n, O, steps -1}]
points10 = Table[{At *n, y[n]}, {n, @, steps}]

insi= Y [10]
outs)= 17.8218

in26= points1@ = Table[{At xn, y[n]}, {n, O, steps}]

ouze- {{@., 3}, {0.1, 3.6}, {0.2, 4.31002}, {0.3, 5.15215}, {0.4, 6.15303}, {0.5, 7.3447},
(0.6, 8.76569}, {0.7, 10.4624}, {0.8, 12.4904}, {0.9, 14.9168}, {1., 17.8218}}

Compute an approximation with 100 steps:
ne27= Clear[y]
flt_,y_] :=2 y-Sin[t]
y[e] = 3;
steps = 100;
At = 1.0/ steps;

Do[y[n+1] = f[At*n, y[n]] *At+y[n], {n, O, steps -1}]
points100 = Table[{At*n, y[n]}, {n, @, steps}]

Plot both approximation together:
n(7:= ListPlot [ {points1@, points100} ]
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Existence and Uniqueness
Math 230

1. Suppose f(t,y) and % are continuous for all (¢,y). Also suppose that y;(t) = 3, y2(t) = 6,

d

and y3(t) = t* + 8 are solutions to % = f(t,y) for all ¢.

(a)

(b)

()

If a particular solution satisfies y(0) = 4, explain why 3 < y(¢f) < 6 for all ¢ for this
solution.

Since there is a unique solution at any point (¢,y), the equilibrium solutions y = 3 and y = 6 are the
only solutions at those y-values. That is, no other solution may cross the horizontal lines y = 3 and
y = 6. Thus, 3 < y(t) < 6 for all ¢.

What lower and upper bounds can you give for a particular solution that satisfies y(0) =
77
6 < y(t) < t*+8 for all ¢

What lower and upper bounds can you give for a particular solution that satisfies y(0) =
97
t? 4+ 8 < y(t) for all ¢

2. Consider the autonomous differential equation % = ly|.

(a)

(b)

()

What are the equilibrium solutions?

The only equilibrium solution is y = 0.

For what values of y does a solution exist?

Since f(t,y) = |y| is continuous everywhere, a solution exists at any point (¢,y).

For what values of y is there a unique solution?

af [-1 ify<o
dy |1 ify>0

Since gf; is continuous when y # 0, the uniqueness theorem guarantees that the solution is unique

wherever y # 0.

Find all solutions, and sketch the family of solutions. Hint: Consider the cases y > 0
and y < 0 separately, and separate variables. Then consider the case y = 0.

If y > 0, then % =y, and we can separate variables to obtain y = Ke' for some constant K > 0.
If y < 0, then |y| = —y, so % = —y. Separating variables gives d—yy = —dt, and we integrate to obtain
In|y| = —t + C. Since y is negative, In|y| = In(—y), and we obtain y = Ke ' for some constant K < 0.

Together with the equilibrium solution y = 0, we the family of solutions looks like this:
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3. Consider the autonomous differential equation % =

(a) For what values of y is there a unique solution?
Since f(t,y) = (1 +y)~? and % = —2(1 4+ ) ? are continuous whenever y # —1, a unique solution
exists at any point (¢,y) with y # —1.

(b) Find all solutions. Hint: Are there any equilibrium solutions? Now separate variables!
There are no equilibrium solutions. By separating variables, we find that the general solution is y(t) =

&3t + C — 1 for some constant C.

(¢) Find the particular solution y(¢) such that y(0) = 1. What is the largest interval of
t-values on which this solution exists? Sketch the solution.

The particular solution is y(t) = /3t + 8 — 1, which exists on the interval (%87 oo) A sketch of this
solution is:
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4. Consider the autonomous differential equation % =142

(a) For what values of y is there a unique solution?
Since f(t,y) = 1+ y* and %'; = 2y are continuous everywhere, a unique solution exists at any point
(ty)-

(b) Find all solutions.
There are no equilibrium solutions. By separating variables, we find that the general solution is y =
tan(t 4+ C) for some constant C.

(c) Find the particular solution y(¢) such that y(0) = 0. What is the largest interval on
which this solution exists? Hint: What is the domain of the solution?

The particular solution is y(t) = tan(¢), and the largest interval on which this solution is defined is

(=3:%):



