Review PRoRLEMS

Linear Algebra — Day 38
MATH 220

Not every topic in this course appears among these review problems. If you find you want practice
with a specific topic and want suggestions, I am HAPPY to give them. Please just ask.

1. List as many items that could be part of the Unifying Theorem as you can.

Let S ke o set of n S Spans R" : r”k(A\='\
veehors in RY, A a + S s lineorly independent * det(A) £0
matrix whose (olumas are the S s a bosis B R" o T is onbo
vectors in S, ad T:R-R * A is  iavertible ¢ T is one-b-opne
awen Ly T(X)=AX. s ocef (A) is He ;Je“]-.'f/ moatrix . ker(T { §
Thu all of +e S"M‘enufs ‘AX':E haio w--‘qua S0 lution «NzO is tet  an
at right ore equivaleat fr all b i R" elaenvalie of A
(all troe or all false). - ol (A)= R" J

e fou (A)‘- R“

2. Consider the vector space R3*3 consisting of all 3 x 3 matrices real number entries. Let W be
the subset consisting of all symmetric matrices that have every diagonal entry equal to 0. Prove

that W is a subspace of R3*3 and find a basis for W.
This is the 23x3 case.

. Oa b
Matrices in W have  the form a 0 ¢l Tke Ux4 case s Similar.
b ¢ O
ol © o0 | o} g ?
Let S=1145% 2] Poal 67T o] [/ ond e W = span (S).

Since W coan bLe writlen as a spon, W i a S\ILSfMLe-
The set S s l;nearl/ ;ndependenf and Spans w/ 0o S is a basis for W

3. Find the matrix A such that the matrix transformation 7' : R? — R? given by T'(x) = Ax has the

overall effect of rotating x by 90 degrees, then reflecting across the line y = —z, then doubling

its length.

This mebrix 5 given Ly 2 O]{ '}[0 ‘O‘] :[-é cy)_]

/t"Naﬁfx fr 90 Jejree rotation (c,wd—erc_loc,ku?se)
mx}r.x for ref’ed’m\j across  the line y=

Matrix for dod“n\j ]enﬂ‘H\
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1 2 1 7
2 0 1 4
4. Consider the vectors vi = |1|, vo = |0|, and v3 = |[2|. Is the vector v = |5 | in
1 2 3 11
2 1 4 12
span(vy, va,v3)?
V% 4 ¥
(L2 1] | ool Thus, V= %+ 2%, +27,,
2 0 | |H¥Y o] 0|2
| O 2| 5 RREF ool |2 So A is In Span(ﬁ. /'T/,/T/x).
| 2 3|1 o 00|o0
(2 0 4|2 000 0]

5. Consider the vector space P2. Do the polynomials f(z) = 42® — 222 + 2, fo(x) = 2% — 1,
f3(x) = 2? — x, and f4(x) = 3 span P3? Why or why not?

S A
X3 L{ O 0 O | o o0 O Sincc H-e, Ma+rix o'F wefficients
¥ | <2 U 1 O e (O Il 00 reduces +o the idestily matrix Iy
- —> 0 O
< | 0 I 0 | o Hhe Polynomn‘als are |7n¢ar')/ i"hﬂ"de’d-
wst. | O -] O 3 O 0 0| 3
ond Span p

6. Consider the 4 x 5 matrix

1 0 -1 3 -1

1 0 0 2 -1

A=l 0 Z1 5 1|
00 -1 1 0

(a) What is rank(A)?
(b) Find bases for col(A), null(A4), and row(A).

Firs“'/ | 0 0 20 Sin(_e KQEF(A) has 2 'si\Jo’l- entries,
oo 1| -0
rre,\f(A): O 00 0| raak (R) = 3.
OopooboO
- . Bas-’s ‘)co:- rou(A)‘ Bas:‘s '{;r nu“(A)‘
Rasis for ol (A} O‘} ’_2]
l'][o][o -
N ol(o]|o 110
L ol|1]]o I
SN 2 [141[]o ol
Hrte olloll; o) [o)
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7. Let V be the subset of P? consisting of polynomials p(z) with the property p(0) = 0 and
p(1) = 0. Determine whether or not V is a subspace of P2. If it is not, explain why. If it is, find
a basis for V.

V' contains polynomials pld=ax®+byx«c such that p(0) =0 ond p(2)=0.
b(0)=0 implies p(=a(0)b(0)ec=c=0, so pl)=ax?e b
p(1Y=0  implies e(0)=a(tf+b(1)=0, so b=-a.

Thus, V cntmins polynomiols of the Frm  pld=ax’-ax  for xeR

This means V= SPM(XZ-%)/ So \V s a SVLS’)ace of ’Pl with  bags {'X-“XE.

8. Suppose that the augmented matrix for a system of linear equations is

0 1 4%
1 0 8|1
1 -1 k*|0

(a) For which values of k, if any, does the system have no solutions?
(b) For which values of k, if any, does the system have infinitely many solutions?

(¢) For which values of k, if any, does the system have a unique solution?

O | 4 k% R ¢ | O 8 .! -R+R3 >R, | ®) Q L
(o gl |Z2X2=sl01 4% o1 Y x
| -1 kK[ O | -1 K| o] Rthi=R: | O O @ k|

tﬂn‘s is 2ere o k=%72.
I'F ‘(= ‘Z,/ ‘H\el\ H\e S>IS+€.M ;\aS ho _So‘u'l';onS.

I£ k= 2, 'H‘en ‘H"e SyS‘I'QM has infinitel Matn f Solutions.

O'Hlerw?se, the .S/s‘l-em has a unigue Solvtion.

9. For each of the following, the answer is always, sometimes, or never true.

(a) If a 3 x 4 matrix has three pivots after row reduction, then its columns form a linearly
independent set.
N 3 . .
Never +roe: the columas are vechrs in PE and U vechrs in R cannst be |men|/ independent.

(b) The span of three (or more) vectors in R? is all of R3.

Sometimes true
(c) If the reduced echelon form of A is I,,, then A is invertible.

Always true

(d) Let A be an m x n matrix and b be a vector in R™ such that the equation Ax = b has a
unique solution. If ¢ represents a different vector in R™, then the equation Ax = ¢ has a
unique solution.

Sometimes Frue:  Trve for an  inverbible motrix.

| O
False for +he matrix A= [ol]
oo
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1 2 1
10. Consider the following vectors in R?: v = 2|, vo = [5|, v3 = |1].
2 6 0

3
(a) The vector v = [ 2 ] is in span(vy, va,v3). Write v as a linear combination of vy, va, vs.

—2
(b) Do vy, Vs, Vs span R3? Explain.
(c) Is {v1,va,vs} a linearly independent set or a linearly dependent set? Explain.

N, N Ny W

[ 2 | 3 | 0 3 ||
Fiest 2 5 1 2 |0 o 4

2 6 0 -2 0O O O O

Thus, ¥ =15 -Yw,, and more jenef‘ﬂ\”)} e (||—3c_ N+ (—'1+c)'\7, + CV,

‘For any ¢ in fR

- - —_ - B
F\Jr'}‘ne,rmre, .3'V, - N, = N, , So %gu /r}?_/ :\/33 s a I.nearl/ hpendeni’

Set  that does ot Spon fR3_

11. Suppose T'(x) = Ax is a linear transformation with matrix A =

O O O N
)
N DN =

w

(a) What are the domain and codomain of 77 (Make sure to specify which is which.)

(b) Is T one-to-one? Is T onto? Explain.

T lws domain @3 at\c{ ccdomal'/\ 'Et'
T cannot be onte, since J,‘m(ﬂ?“) >Jim(fks).

has a P}Uo‘f' n eac‘\ C,D'UM/\,

Since  rref (AB =

Qoo —
o —0C
O - 00

T is one-1o-one.
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12. Consider the following matrix and its reduced row echelon form:

1 3 10 28 6 1 3 0 -2 0
2 6 1 -1 17 001 3 O
A=13 9 -8 -30 28 wel) =19 9 0 0 1
-1 -3 1 5 41 000 0 O
(a) Find a basis for each of col(A), row(A), and null(A4).
(b) What is the rank of A?
basis for C"\(Ay basis for ”’”(AB" basis Jor nu”(A)t
1] o] Te 1 [o] o] 3] [2
2000 h7 311010 1o
3|78/ |29 O | 0 0 -3
-1 ' 41 2071310 0 |
o] [0 [1] of |O
r‘ank(AX =3

13. Let S={l -2+ 222+ x — 2% —1 — 52+ 522,2} be a set of polynomials in P2.

(a) Is S linearly independent or dependent? Explain.
(b) Does S span P2?? Explain.
(c) Does S form a basis for P2? Why or why not?

S s c,le,arly lfnear'y de,’sende/\f since S Containg L’ Pol/nomials
but  dim(P*)=2.

Row—reoldce, the matrix  whose  Columas ace Hhe coefficients of the Pol/'lom?als"

W | -] 5 0 | O 2 O
wo |- 1 -5 1| RE__jol -2 0
Const: l 2 0 60 O |

2
S]n(_e, -H\ere 1S a pi\/o{' in eaol\ row, S SPOns ]P

Since 5 < \fnearl)( depzndenb S s ﬂg_*" a bas's _F‘;P lP’l,
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14. Let W be the subset of all matrices A in R?*? whose determinant is equal to 0. Determine
whether or not W is a subspace of R2*2,

W is net 4 svbgpace becanse 1+ s not closed uader

addition. For example,

[0 0
de‘r\:(l)g =0 and  det |y l]:o’

b e [b2]<[38]) et [5 5] - £

N

15. Recall that if A is a matrix, then the transpose of A, denoted AT, is the matrix whose rows are
the columns of A and whose columns are the rows of A (in order).

Let V be the subspace of R?*? consisting of all 2 x 2 matrices A = [Z Z] with the property

A=—AT.

(a) Without finding a basis for V' or (directly or indirectly) discussing free variables, explain
why 0 < dim(V) < 4.

(b) Find a basis for V.

V contains some nonzero matrices (s\:d« as [_O| é:(>/ So dim(V)>O.

V does net contain all of R ({N example, J})ol] is fot I \/)/
So diM(V) <Yy

Qa b a C
\/ Contans  matrices 5uc‘n *I’La’r ¢ d =7 lb df

This imp)ie_q o= -a ond ol=-0{, So az0 and d=0.

AlSO C=-b and e‘lu: Valel\]l'/)/ b"' -C.
0O bk
~S° V Contains matrices o\t He ’be"" b O 1C>r LG’E

T}'US, a bosis e Vs [Pl CI)]
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1
16. Find a basis for S+ if § = span{ {01] , {
1

Ld’ A be -Hae matrix Whaose rows are Hae, \clixlen \Jed’ors/
anal Fa‘/\d nu“ (A) X

| -1 o |
A:|30(ﬁa
y 2 2 0

|
0
0)
f—l I
TkuS} a Basis '(:or SL 1S )

17. Let A =

-1
®)

} So  nll (A) tontaiag

Xq 7 'G)r ’X.,GQ-

O =N
—_ = =
o= O

] . Find the eigenvalues of A, a basis for each eigenspace, and if possible,

diagonalize A.

Characteris tic po }), nomal’

S I SN YRR

2- X
Se the efﬁenVa,ues of A are >\.=O, >\,=2, ond >\3:~3

(0 [\ o -1 |
[ ] — 0] 2 —’ So a kaSI\S '&f Eo is {-Z]E
O 1 2 _o [oXNo) |

P

Ei:] ens paces’

Eo" A’ 0l =

01 o Tt o 17 &
E.: A-2I=|jl -l | |—>(o |l D So a bosis for Ez is ,0 .
’ 0 0o 0

(10 | 0 - ] co I]
: - = - —s Ol - So a basis for 3 IS (S,
B A-31 :) (2 —||4 6 o O] {[‘
0
0
0

(] I o0
A is d-‘agona“Za“e'- A=PDP'  Lhere  P= l:—z o l] ad D= 303},
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