Linear Algebra — Day 33
MATH 220

1. If T(x) = Ax is one-to-one, why can’t A = 0 be an eigenvalue of A?

]..‘F' T IS one.—h-cne., Hea ‘T"(Q) s o’n_ly H‘& 2zefo \ecfor, <o there

IS o noazero Jechr % such that T(i('}:A)'E:-é:OQ, There'Fore, X=0 camst

b& an QI‘JOJ\\JAlua o‘( A (L)v 'H\¢ Ac‘F.‘n.’}ion o'{ e;jo.nualue).

2. If A =0 is an eigenvalue of matrix A, why is A not invertible?

If X=0 is on eije_nvalue of A, Hhen there is some nonzero vector ¥
such Hat Az=0% Thea A(‘-)ﬂ:(_j for every scalar Mu“iple % of %.

Se the +ransformation T(8)=A% is not ore-to-one, aad FHhus not iavertible,
which infﬂiu Hat A s not invertible.

3. If A is a diagonalizable matrix, how does det(A) relate to the eigenvalues of A?

LE A i A:aﬂo'\‘“z“ue/ Hen A= PDP-‘/ where P is a d"tﬂor\al matrix  whose
, the eigeualm of A (with moltiplicty).

Thea det(A) = det (P) det (D) det(P™) = det (P) det(D) ; :m = det (b).

Aiajonal entries are A, Xy, .., Aa

Thes, d&"(A\ = Ae’l’(D) = AN X

4. If S is a subspace and u € S, then what is projg u?

< Explain without
reference to the Unifying
Theorem.

<9 In fact, the relation
also holds for
non-diagonalizable square
matrices, but this is
harder to see.

T GeS, Hhen prejs ¥ =W.

5. If matrix A is diagonalizable, is there more than one matrix P such that P~'AP is a diagonal
matrix? How many different matrices P are possible?

If s ic an e.-‘jenucc‘l'or of A, Hhen so is cx ony c20, so there are inf-‘m'h'/
Many efﬂen vecTors of A. Tl\e, Columas of P are ei‘ju\uc,h:r_s of A/ S0 tHhere are
'I'\(;‘.n”_el/ many choices &r  (each columa 04) P, Thecefore, there are iaf:a-'i-el/ nony

possible matrices P.
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6. Find all possible ranks of matrices of the form

0 0 0 0 a5
0 0 0 0 a2s
0 0 0 0 ass

a41 Q42 Q43 Q44 A45

Rows 1,2, and 3 pmost be lnearly  dependert, so thece are at most
tuo linearly independeat rows.  Thus, the possible rasks are O, 1 aad 2.

7. Let X, be the n x n matrix that has Os everywhere except on its two diagonals, where it has 1s.
For example, here is X5:

1 0 0 01

01 010

Xs=10 0 1 0 O

01 010

1 0 0 01

Express col(X,,) and null(X,,) as spans.
[1] [o] [0 (7 o
0 0 | /] 0
C0|(x,.\= span SENEE W“(Xn)=s an 2k
of {of |1 3 ol lo
o (! 0

Oy (-
(1) [of Lo -1llo

C

n .
5 veches if n Ts evea: .
= / t_ :!?\_- ugdbrs W n s evea

el yectoes iF i odd
8. Can a matrix be diagonalizable but not invertible? Can a matrix be invertible but not diagonal-
izable? Explain or give examples.

Yeg ‘l‘o 'ooH\! EXamplesf
[lo g] ;S Jl’ajoao‘izaue (n‘n -Fad, d-'ajonad L\)+ 00{' fMlQI"“MC.

,n%l_ vechrs i n is odd

)::) I] is invectible  but not 0"'0\410"“"'2“""’“

9. For a matrix A, show that (col(4))+ = null(AT).

Firsb COI(A) = row(AT).

A vectr X is in G‘Ow(AT))'L # oo aly X s orthegonal to each row
of AT. Thic oecus exacH/ when AT§=O, Mmesning X 1S in null(A")

T hs, @ol(AﬁL: (row (AT))L = pull (AT).
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