MATH 220
| April 2025

RECALL: A)'z = )\')'Z

A’- NX\  Matrix
X: Nonzero veclr — 6‘\3e/\\)ec'|'br

)\'- Scalar  — e,?ae,n\lalue

(0AaL: Find the eiﬁe,nValues ofF matrix A.
Statement: N is an eiaemmlue of A.

Rephrase:  AX = XX for a nonzero vector X.

Rephrase: There is a nonzero vector X such that (A-)J_);E:ZS_
Rephrase:  Ey= null (A—XI) contains at least one nopzero vector X.
Rephrase:  (A-NI) is not invertible.

Rephrase:  der (A-XI)=O.

Solution: Calculate det(A-XI), set equal to 0, ond solve for X.

NeEw STATEMENT FoR THE UNIFYNG THM:

=0 is aa e"gemlalae, of A
@21\;;.!0,«4' o

det(A) = O
'@etuiulm o

A is ot iavertlle
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Linear Algebra — Day 28
MATH 220

1. Milo: I wonder what it means for A = 0 to be an eigenvalue of A. < Read this aloud at
Delphine: Milo, what it means for A to be an eigenvalue is written on the screen! your table
Milo: Oh, right! So let’s read what’s on the screen and pretend A = 0.
Delphine: Wow, something amazing happened!

Group Chat: What amazing thing happens if A = 0 is an eigenvalue of A?

As=\% i X=0, the, Ax=0
det(A-XI) = det(A) = O

3 00 3 1 0
2. Consider the upper-triangular matrices M = [0 3 1 and N=1|0 3 O0f.

0 0 4 0 0 4
(a) What are the roots, with multiplicities, of det(M — AI)? How about for det(N — AI)?

T both coses,

det (M-5T) = (-3 ) (4-3) O3 bty 2
det (N-W\T)= (30\)1 (q_>> A=Y pealtighety 1

(b) For matrix M, what are dim(Es5) and dim(Ey)?

© 0 © -l 0o
4;"(E3): noll (M~ SI) =mltlo 6 =2 J:M(E.,)-;,Wl( (M“fl)=nu!| o -l |

O o / O Vb o
(c) For matrix N, what are dim(Fs5) and dim(Fy4)?

=1 din(Bd) = nul (N-4L)= pt ;' -'\ f;] =1

m\C3) = Y N" ’ - ” |
A; (2 S N [ 3]: < N 00
( ) (( 60 0 o o

and wait for further instructions

(d) For M: alg(3) = 2. geo(d)=_2  algd)=_L1  geod)=_1

— 00

() For N: alg(3) = 2 geod) = L alg)= L geo4)= L

IMpRTANT:  alg(}) = geo(3) 21
3. Maura: Wow! This means that if A only occurs once as a root of the characteristic polynomial

of A, we already know that A will produce only one dimension worth of eigenvectors. We would
not even have to calculate the eigenvectors!

Group Chat: What is Maura talking about?

IE oM=L te  L2qe() 21
T gqe(N=1 ale.
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4. (a) Write down any 2 x 2 diagonal matrix A and any 3 x 3 diagonal matrix B. D To make it
interesting, use different
diagonal entries, none
equal to 0 or 1.

2 ©° o0
: 2 2 -
(b) Find A® and B=. = |lo ¢ o
0o -3
2 0 o
; 3 3 2 2
(¢) Find A°® and B°. -lo o
o0 (3

(d) Do you have a guess as to what A* and B* equal? K 28 O ©
- s L o
= 5
o o (3
d 0 - 0
0 dy -~ 0
(e) D= . . .|, then what is D*?
0o 0 --- d,

(f) Theorem: If D is the previous diagonal matrix, then the eigenvalues of D* are

5. Suppose A is an n X n matrix and A = PBP~! for some n x n matrices P and B.

(a) Find A? and A3l in terms of P and B. | Ag__ A?_A - ?R'LP‘I PBP-I
A= PRP - P Pl = PRRP = PRYP )
E(;awu)B mateix A= PRI P!

(b) What do you think A* equals (in terms of P and B)?

A =P BFP

1 3 -3 -3

3 -3 3 -1
-3 3 1 =3
-3 -1 -3 -3
Jonah: Huh? Why 63?7 OK, well you can easily find A% using this information:

6. Ava: Don’t ask me why, but I really want to know A% for A =

1 3 -3 -3 1 0 -1 —-1[{[|-8 0 0 0 1 0 -1 -1
3 -3 3 -1 _|-1 1 0 -1 0 -4 0 O0f|-1 1 0 -1
-3 3 1 =31 (1 0 1 -1 0 0 40 1 0 1 -1
-3 -1 -3 -3 1 1 0 1 0 0 0 4 11 0 1
Group chat: Why does Jonah think Ava can calculate A% easily? < Hint: Jonah's

information looks like
A=PBP .
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DEFINITIONS NoT IN THE Book
The nomber of Fimes N is a root of He charackistic
polypomial is  the a(aebrao'c Molﬂp'o‘c;{, of 1,
denvted alj()).

The dimensin ~F &, s the seomd‘r.‘c mulh‘pl-‘c-'*/ of A\,
denoted 330 ()\) ;
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