MATH 220
|14 March 2025

REVIEW:
A Se,f S D'F \led'ors A R‘ S a .SU&SPMC& N

1.675 in S

2. S is closed unader addition
(?4‘ G and P ace in S, Hhen G+Y s i S)

3. S is closed under swlac multiplication
(if 37s in S and ¢ is any number, thea cU is ia S)

TheoREM:  Tf S spea (3,9, %), #her S s a sdbspace.

NULL SPACE of 4 makix A T dhe
SOLSPOCC o'F Se {‘-’HOwS -}g A’).< 3-6 .
De(:.'ne, h/\ew‘ Frans 'é'”"“' Hoa T ’0)' T(SE) = A;( .

Ther, He KERNEL of T is Hhe nollspace oF A
M set of veelos ¥ guch that T(f?)=5‘
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Linear Algebra — Day 18

MATH 220

1 -1 1 4 4 1 -1 0 1 5]— X T x5
LLet A=|0 0 1 3 —1| and rwef(A)=[0 0 1 3 —1|—0u o _ _

0 0 -2 -6 2 0 0 00 0 Ry = =3xg *+ Xg

(a) If x is a solution to Ax = 0, then x is a vector in (choose one and explain):

R? R3 RrR* @

(b) What are the free variables in the system Ax = 07

32

(c) Write the solution set of Ax = 0 in vector form (in the space provided). <3 Remember, the
“non-free” variables get
solved for.

1 Xo = ¥q-Sxg { -1 -
T2 X \ 0 o
X=|z3| = | ~3xq+xc | = Xo| O + X|-2| + Xe| !
T4 Xy o) \ 0
Is )(S— o (@) |
(d) Write the solution set to Ax = 0 as a span of specific numerical vectors. < Again, in the space
provided.
{ -1 -8
| (0] (o]
The solution set of Ax = 0 is span o, 31,1
0 ( o
ﬂu‘s s a sué_sface! 6 0] |

(e) Erez: What we just did was not a coincidence! No matter what the matrix A is, we will
always be able write the solutions to Ax = 0 as a span of some specific vectors!

Group chat: Discuss if/why Erez is right. <) Erez is right.
Yes (l

Ava: As soon as I saw rref(A) at the start, I knew the solution set to Ax = 0 would be the
span of 3 vectors.

Group chat: How can you tell ahead of time the number of vectors we would end up being
included in the span that Ava is talking about?

[\UM-\()@' of  free \}o./*{olo\e(

Maura: AND, the vectors listed in the span are definitely linearly independent!

Group chat: Without doing arithmetic, how can you tell that the 3 vectors used in the
span in part (c) are linearly independent?

[
°
Fecos on roJs Ls.'#\ o/\{/ vag Nonr o en'l\r/.l 15 g in r\ullseaq a‘FA?
o
(f) In this problem, you have found the null space of A . [
(g) In this problem, you have found the kernel of what? L~ tav o I]
O o ! Z-if|lo]=|0O
co -72-62(/9 ©
0

TLL [inear Fransor motion T()—&): Ax.

f net 8
o

Lo 31 S ask s N)”wauz of A
2 =
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2. Let J be the collection of all vectors in R? of the form L:z-‘ .
=]

(a) Find two vectors in R? that are in J and two vectors in R? that are NOT in J.

(b) Erez: Didn’t we just learn that any collection we can write as a span is automatically a
subspace?

Ava: Oh yeah...we should do that here! Every vector in J looks like

2 =<l

Erez: Right, so J = span (E] ) By the theorem, .J is a subspace of R?.

Group check Erez and Ava’s work: Did they correctly conclude that J is a subspace

of R??
I
oo 2
13 y
3. Let T : R? — R? be defined by T'(x) = [2 6] X.
(a) What is the range of T [

| toge s (F1.01) = s (B) —

[IL 2][)’(‘] ) X‘[é]w‘ﬁ] m all il oF  [2f \\

(b) What is the kernel of T'?
Slotinag = A;(s [l 3

2 6

=6 818] Nt s T
0 (o] -2, - Cael o
[::l'— ):il = X, 13] s spen ([’{D

(¢) Your answer to (b) tells you many things about 7" and A. List as many as you can!
Sine ke (T) 2 {GE/ +he Um‘\fy,‘:j Theorea Hells s

*The colums of A don'+ Span R? T is not onto

The colims of A e rot Frewh independent s T s net one-to-one

o A%:b doas net hove o Unique calition  for « A s not inverlible

all Z n R
4. Define the following subspaces:

2 2 0 2 0 2

S1=span | |1 Sy =span | [1f, |3 Sy =span | 1|, |3], |4
0 0 0 0 0 0
2 0 2 0 2 0 2 0 2

Sy=span | |1]|, ]3], (4],]0 Ss=span | |1, (3], ]4]|, |0}, (4
0 0 0 5 0 0 0 5 5 S/ is jost multiples

\ hi
(a) All five of these collections are subspaces of R3. Why? Ves, H\ey are Spans. / of a sigle vectr, vhle
(b) What do S; and S5 have in common? Is there anything different between them? Se is e plae

)
)
What do S; and S5 have i ? Is th thing different bet them?
c; at do Sy and S3 have in common? Is there anything different between them \SL od Sy ore e
)

Some .Sf’o-/\ l

(
(d

(e) What do Sy and S5 have in common? Is there anything different between them?

What do S5 and Sy have in common? Is there anything different between them?

3
o oond S o each all of R «
S/ 0 5 ch all o >gl 5w P’”" but S,

is all F R®
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