MATH 220
|+ March 2025

DEFINITION OF A SuUBSPACE:
Let S be a  collckon of yeckrs in R"
The S s a  sobspce -
1. O is i S
2. S is closed under addidion
(If O and ¥ we in S, Hoo B+9 s i <)
2 S s closed ude  scolar wmoltiplicafion

(I‘F O‘\\S A S and (& 3 dn/ ,\QMLU‘,
heo e s in S)
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Linear Algebra — Day 17

MATH 220
s
1. Let H be the collection of all vectors of the form t where s and t are real numbers. <3 “Of the form” means
0 “what the vectors look

like.”

(a) Just by looking at a vector, how can you tell whether or not the vector is in H?
At\y vector ia 123 Lhese, 27 en‘fT/ IS 280 T f‘{.

|
g exomple’ [:] is ia Hy o ot [gl’] is pot w H
(b) Is the vector 0 = |0| in H ?

0
YCS, Shee s 3ed e;\'N/ s O.
Ts H closed
Question #1: If u is any vector in H and v is any vector in H, then will it always under au,—;..'“'{
be true that u + v is also a vector in H?
Question #2: If u is any vector in H and c is any scalar, then it will always be true T H closed

.ui i ?
that c-u is also a vector in H? under Scalar

NJH—.‘Fl.'af:'af .

(c) Sundar: The answer to Question #1 is “yes.”
aq a9
Marissa: Correct! To prove that, you just need to explain why |by | 4+ [b2 | isin H.
0 0

a1 ag
Group chat: What is Marissa talking about? Is it true that |b; | + b2 | is in H? Why?
0 0

a( /s a,+b,
Ll +| by = | 0athy S,‘qce, 2d Q/\{v‘/ 1S 2em,
°1 |® © Hi s i H

(d) Group chat: The answer to Question #2 is also “yes.” What would you have to do in

order to show that?
a al Y "
C bll] - ((: by Smce 2d em‘/y i< 29,
° O 'HN-S T; ’n H '

1
(e) Leo: I just noticed that H equals span | 0] ,
0

0
1
0
Group chat: Is Leo correct? j\ | o) s
YCS, Al\y veclr ia ,"L s also ;n- Jfan . S 8 ,‘-‘E {) et ;;]
Alt)/ vedor ' fﬂ‘-s Span < aleo n H.
J [
(f) Sundar: Wow! H equals R2. —”\-Q/-Q\Qrf/ H = Sper ([:]/[b])

Nadia (shaking head sadly): Oh, Sundar...
Group Chat: Why is Nadia sad? Or, is Sundar correct?

Vectors i H have 2
COMPOW\-TS) $e m/

a~e n;‘t In R?'-

H does not et;.( IRz
¢ L 123
/-/ Bu+, H ;S a 2-/-»\@\3.'0,.4! gok\space o .
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z
2. Let S be the collection of vectors in R? of the form z+1].

Yy
Marissa: S is not a subspace of R3.

Group chat: Is Marissa correct? Investigate all three requirements for a subspace to see which
one(s) go wrong.

e Is the zero vector, 0, in S7

e Can you find two vectors that are both in S, but their sum is NOT in S?

e Can you find a vector in S but some scalar multiple of that vector is NOT in S?7

g E -H\ ’@ )<l Staq,  thee 75 Ao chorce 01[ <,y
. X
\ s N e T8 N
0 nof y Pk mokes  [&]_ X
< | x4l
0 y
o—— e
\ z ks
2|4 ? = |5
Z 3
NOT™ ia
S x
3. Let K be the collection of vectors in R? of the form Y where = 4z and y = —3z. Write < Here, the “form” is
not already “inside of”
z the vecti:r.y YOTJ have to
K as a span of a single vector d. Why does that show that K is a subspace of R3? put it there yourself.
42 4z
K (;on“'a,‘AS \)edNS Q2 'ﬁy— any namber Z. 32|, 23
2 1 1
TL K= spa _‘43 N obs
3, =spa{131] ad o K 0s & Sobspace.
4. Group chat: Is the set that only contains the zero vector (i.e., {0}) a subspace of R"?
Yes: ZOE 5a+;S'l£ieS Hﬂe, 3 PFDPQH'ieS o‘P a .StJLSpace_
Also, {83 = span (D).
5. Group chat: Is R" a subspace of R™?
n .
\/CS, R" sotisfies the 3 properties of & Svbspace
a+b+2
6. Spicy! Does the collection of vectors of the form |a —b— 2| a subspace of R3? Explain. < Is this collection the
0 span of some vectors?

See next page.
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o+l £2]

Lot S be the collection of ol vectors [o—é-Z—J .FD,. ony rombers a and k.

~

Fiest, note Yhot each veedor in S hac He form )(’)j[ for <ome Numbers
% ond ¥ So S 05 cortaned i span (Lﬂ ﬂ)

Second, let  x gnd y be ony aumbers. We will chow Hot IZ] is I S

—_—

o do this, we must solve  geb+2:=x  and a-b-2=v.

This_ is eq@w'eﬁ b the $y$+ef4 a+ b= X2
a‘b:lyi’z

which COrresPOv\Js P the aujmo,y\'l‘ed Matrix [a b
a -hb

X-2
v+2

o
Selve P £ind a=2<—+—ZL ond lo=x—-2z—2/ which mplies Hat [‘/] s o S

(o]

Since [2] s a S & all” x ‘ad Y, Span([é],[z]) Is ° contained a S

Since each of S oand Span([z?}/[gD Contains  the other, Hw/v must  be eiua(‘
So S= Spoa ([‘ﬂ,[ﬁ}), ond Herefore S i -a Subspace.
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