MATH 220
26 < February 2025

BIG PICTURE:
We started this  course sf‘ddy:‘/j linear systems, which
arise In N“’\/ (“"?) oreas of Nfl‘, Scitne, ‘,'ec‘\noloﬁ ete.

29‘| 'S'Xt f‘.39¢3= ;-

Linear Systems  are rea/// linear combinations of vechrs ./

WC want ) ':Q_”/ un dlr.S”lnd linear  Com kfnaf-'C'/'S, ex,e cia/éz
in  terms of Spoa and |74 ear (u.) Je/lend&\ce.
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Linear Algebra — Day 9
MATH 220

1. Let {u;, uz,us,us} be a set of four mystery vectors in R3. In each case below, (i) decide whether
the set is linearly independent or dependent, and (ii) decide whether the set spans all of R3.

r {JVU’L/ _‘:;’ G’qi are '-.Aedrbr &’&Mf’

1 0 02
(a) The matrix [ul us us u4] has RREF |0 1 0] 3]. NG ﬂ?}
_0 0 1/ 4 Ul,/u,_/u} S‘f’oln
1 0 2 0 ~
(b) The matrix [ur us us ua has RREF [0 1 3 0 Aepordes 3
0 0 0 1, spa R
1 0 2 3 +
(c) The matrix [u; us ug us] has RREF [0 1 4 5/. deperde 5
0 0 0 0 dos't span R
[
2. In parts (a) — (c), circle the correct option for each statement. o v o
' 0 .
(a) vi,Vva,..., Vi are ten vectors in RY. d , ;, ;0 ’o

The vectors must / cannot / might or might not ) span RY.
The vectors must might or might not be linearly independent.

If these vectors span RY, then they — must / might or might not be linearly
independent.

(b) vi,Va,..., Vg are eight vectors in RY.

The vectors  must / @) might or might not span RY.

The vectors must / cannot { might or might not'\ be linearly independent.

If these vectors are linearly independent, then they — must /(cannot)/ might or might not
span RY.

(¢) v1,Va,..., Vg are nine vectors in RY.

The vectors must / cannot ¢ might or might not") span R.

The vectors must / cannot [‘might or might not ) be linearly independent.

If these vectors span R?, then they @/ cannot / might or might not be linearly
independent.

3. Suppose A is a 4 x 4 matrix whose columns are linearly independent. Explain why the linear
system whose augmented matrix is [ A ‘ b ] has exactly one solution for all vectors b € R*.

S]ncq, “\0, ‘FOur (‘_o(uMAS D'F A ace "lt\wbr iAolef(J\Jel\‘L/ ‘H\gy _gran ﬁq,

T}GS reans Hat a"/ vector T:’ in ﬁal{ con be writter as &

\'hear  Combination o the columas of A.
This  Vnear combination s a Solokion 4o the system with a.jm,&eol matrix [A lb]

S‘“Lo- H‘UC are o’d/ L{ o{"'”‘s/ He lineor  combination 'rDr each b s K‘( 'S un?zutl ard
thos e selstian 1o the _‘rs.].u,\ is Un;l{_ue.
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4. Suppose A is a 4 x 4 matrix whose columns are linearly dependent. Explain why the linear system
whose augmented matrix is [ A | b ] has no solution for some vector b € R*.

Since  the  columas  of A ore |-‘n¢a.-l/ dqnead&f, He reduced form  of

A has a'l' (easfl- one fow of 2eroS.

~ooo

AOJMU\‘\' a  toluma [ ] h ""‘- "QJ\N.GJ an OC A a,‘d ua-do He row °f0“+:°"‘

do  obtain a  columa T sk Hhat [A,E} has no selution.

5. In each case, determine whether b is in the span of the other vectors. If so, express b as a linear

combination of the other vectors. <Y use Mathematica!
(47 (3] 7 y 2 RREF I oo .
(a) ay = |-3|,a2 = |—6|,b= |1 34 1| X500 , So b is met i He
| 4] | 2] —2 1 22 00 Spaa of 3 od 7.

2 5 " 2 54 2] . (100 %
(b) a; = |-2|,as=| 7 |,a3=|6]|,b=|—4 -2 6 4| — |01 o
5 -1 2 1 - .
L 2 L+ S -1 2 1 OO | ¥
Sobis i span(8,8,%), ast i fuet L2345 -%a-23,.
6. Suppose vi,Va,..., Vv, are linearly independent vectors in R™. Let matrix A have these vectors

as its columns. What is the RREF of A?

Sil\(.t 'H\e, n \Jeo"'DfS are ||'Aear/7 l'ndefej\delﬂl‘, ""\Q reJuced -Fb“,\
of A will have a pivot i each columa, Therefore,  the redoced dorm is:

160 - o

olo ---0

6o | -+ 0

Sov oy c— That is, arn  nxn mabix with s

600 -~ o\(o/j Hhe A?a\aloaa( and  Os elseuhee.
7. Suppose vi,Vs,..., Vv, are linearly dependent vectors in R". Let matrix A have these vectors as

its columns. What can you say about the RREF of A?

Since e colums  are linwl/ de,fenolu-l/ He redvced Hrm of A

must hove at least dhe OW O\C zecos.
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This is e b.j Heorem from Clmpi'm 1 ad 2:

THEOREM 2.21

THE UNIFYING THEOREM - VERSION 1 Lets={a, ..., a,} bea set

of n vectors in R”, and let 4 = [a_--- a,]. Then the following are equivalent:

N either ol twe
(a) Sspans R”. or oll false

(b) &is linearly independent.

(c) Ax=Db has a unique solution for all b in R”.
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