MATH 126 A/R 2 Octoher 2025

SEQUENCES:  new idea, old theme (in inity, limits, func tions)
A Sea('uenc& I-.S Sim‘)])/ a st O‘F num’oef&
The indivvdual numbers are the torms of tHe sequence.
(inFim'h, sequence: in a'n.'i'el), Many +e,rms.)
EXAMBLE: 1,2,3 45 6, ..
s r

notation: @, ay ay a4 - foemalal Qqz N

WQ du\o'l'e 'H\e \‘)'\ole. 561'01.4(.6 as {a.\§ or {1\3 )

ExAMPLE:  1,2,6, 24, 120, }20,...
Here, an='\-', where n! s the factorial of

n' = n(n-0(r-2)(-3) @A)

A note obout limits: Lojan‘*‘mm polynondals, exponeatials, and
'Fa(.{'bria\s all qrew ‘f'pua"lS 0o, bot ot diffeeat rates.

w \
3;:;&5*4 factortals nl
expoheld'-'a(s: 2“, Cn, 3“/

_ 3
powers:  n, % n} ..

arow Ios acs thms: In ("3

5\0\-’e5+
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Sequences and Limits

1. Find a formula for the nth term of the following infinite sequences: <Y Go ahead and
assume we start with
n = 1. It's not always
en? end ent end erc” . .
{aTL} { 2 3 3 v 4 v 5 s On= —/‘r\ possible to find a

formula, but for these
examples you can.

)= (L3305 5 ) =
{en} ={L3: 520 o 790} cn:Ti—
{d}={-1,1,-1,1,-1,1,-1,1,-1,...} A= (-1)"
R R o E

k,}=143,7,3,7,3,7,... n
{ko} ={3,7,3,7,3,7,...} (- Se2(d)

2. For the sequences above...

(a) What is lim a,? does net exist (d) What is lim d,? does not exist
n—oo

n—oo
- l o
(b) What is nhi& bn? > (e) What is nlg& Jn? O
(c) What is Jim c,? O (f) What is lim k7 does not exist

3. Erez: Thisisn’t calculus! I miss integrals. Improper integrals were pretty interesting.

Chloe: Agreed. But did you know there are similarities at least? We still get to say
the words “converge” and “diverge.”

Erez: We have not defined those words in the context of sequences!
Chloe: Oh, but we can! The definition is not really any different!

Group chat: What does Chloe mean? How would you define converge and diverge
in the context of sequences?
Converge: the terms cje+ closer and closer 1o some specific value

diuerge_! not onverge

4. Look again at the sequences at the top of this page. Which sequences converge?
Which diverge?
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5. For each of the following formulas for a,,, does the sequence {a,} converge or diverge?
If it converges, what does it converge to?

27

(a) an, = R {aj Converges © O
1nd +4n? +1 L
0) =g g (3 ever ® 3

n® +4n? +1
(¢) a, = 3B —ontd ian’i Converges T O

ay= O,. Al tems are O so Hhis
Sequence  caverges b O.

a,= aos(n):-ll 8= ws(2n)=1, &,z es(3nz-1, a,- es(un)= | .
(e) an =cos(mn) 1., ’

(d) a, =sin(rn) %= @70, =0, < Carefull ©

sequence oscillates, so it diverﬂes.

(f) o — n T"L deuonf:\at'*"f‘ arous much fashf Hhan Hhe I\JMero\‘h:r,

6. Phil: Hey there, Renita! Have I shown you my favorite sequence? Here it is:
2.9,2.95,2.959,2.9595, 2.95959, 2.959595, . . .

Renita: Oh, I get it! I love patterns.

Phil: The problem is I am having trouble finding a formula for it, so I cannot figure
out how to argue that this sequence converges, even though it clearly does!

Renita: The terms of your sequence are getting larger and larger, right?

Phil: You betchal > the sequeace is s’rr:c,H7 increasing

Renita: And none of the terms of your sequence are larger than 3, right?

Phil: Yeah... l-? We Sequeace s bounded (abwe\
Renita: That’s enough information to guarantee your sequence converges!

Group chat: Why does Renita say “that’s enough information to guarantee your
sequence converges”?

T heorem: A sequeace that s sfr-‘cfl/ increasing  and  hounded
n&i- Converge.

7. Try to modify Renita’s argument for the sequence

2.1,2.01,2.001, 2.0001, 2.00001, 2.000001, 2.0000001, . .
This Sequeace  is s+rrc,f’f/ Aecreas,}j and  kounded (kelw\_
Theorem: A sequeace Hat is Sf'rn‘d"y deoreasiAJ and  bouwded (Belou)
Must  Converge.

——
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