Improper Integrals

1
1. (a) Graphing time! Choose someone in your group to sketch the graph of y = —
x
on the wall near your table.

(b) Warm-up: Use the FTC to compute these progressively fun areas. < Draw the regions!
Write out your
10 100 1000 answers as decimals
/ i dr / i dr / idl’ numbers.
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(C) Now use the FTC to find a formula for / — dz. < You can pretend
1 X that b is some number

larger than 1.

<1
(d) Milo: Great! That must mean that / — dx equals 1.
T

Erez: Wait...what? Infinity in an integral? You can’t just replace b with oo
like that!

Ava: Yeah, oo is not a number.
Milo: I know it looks awful, but it works!

<1
Group chat: What is Milo thinking? Can you make sense of / — da?
1T

@ |

&y
AS h ﬂb+$ |ar3€r and |arser/ £ ?LJX becomes SoMeH\I‘/ﬂ “‘ev ')'<_7.Jx

[
/—\\So as b 39,{’5 largef and largef‘, ‘S‘I #d# = 1- —ji; Sp;\'s Closer aad closer t L.

b |
Thes, i+ mekes sense Hat le% de = |im S\‘ —de = 1.

b x
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2. (a) Now use the FTC to compute the following:

1 1 1
1 1 1
/ — dx / — dx / — dx
1/10 L 1/100 L 1/1000

|
| -1 - -0
— = = = —- = -1+10 =
(B e q
| ( -1
j Loy = =L | - t_ - -1+100= 92
y X X L
Aoo Yioo (oo
g, - b | -l =
e = % = 77 —r-'i'f 1000 = 994
A”‘, l/m” loco
"1
(b) Group chat: Now try to find a formula for / — dx. < Your formula will
a T depend on a. You
may suppose
0<a<l.
| | ‘ l
j —';d)( = — = _;_,- - _:L— = _1; — 1
a X X a | a a

1
1
(¢) Ava: Ooooh, now I want to calculate / — dx.
0 X

1
Erez (shaking head): You can’t do that, because — is not defined at « = 0.

2
x
Ava: True, but the integral still makes sense!
1

1 1

Group chat: Does / — dz make sense? What happens to / — dz as a gets
o ¥ o T

closer and closer to zero?

Vo
L X* dx \Mtﬂ\ﬁ’ make <ence os the  area under the Srafk of
y= l?t bhetween x=0 oud x=1.

o,
However; as a gefs  closer ad closer D zero, L Xl qets lacger

and |argU‘ (witho st b"“"”; So it Seems the area  oader !ys-)‘;z

lob+u&eﬂ X= 0 ond x= 1 s imCl‘AH‘C-
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1
1
(a) Find a formula for / - dx.

S‘ ;‘dx = lnl'xl( -h(a) = 0 - h(a)

a

1
1

(b) How should we evaluate / —
0o X

Jo deor =l e = i () s b e

(v) a»0 Y% a=»0

Adx Ju‘verses.

(c) How should we evaluate /

x|—

IS)
8 Hﬂ

1

1
1
(d) Group chat: How should we evaluate / — dx?

1

fx = [ hoce [ e

. Evaluate / —— dx. Either determine the number that it converges to, or explain

why it dlverges

1 l ! -/ Y i
f F dyx = \{M 5 X Tdx = ‘I'M 2 x z] = II.N\ ):ZJ—':’ZI;]
o % a0 Ya o a»0

a20

< [4-20 ] =

a0
o0

. Evaluate / —— dx. Either determine the number that it converges to, or explain
1

NG

why it diverges.

[T b= lim [° o™ e = i [264 ] - lm [20E-207]

o202 boos o0
= linm [2 (6 - 2] does not  eyist (N)
baes

Se the I:d'ejml aﬁv_eiﬂg,

< Again, suppose
0<a<l.
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6. Here is a graph of the function f(x) = sin(z):

VANYVA YA
_J Vw 3%\/9 5%\/6%

(a) Quick! Without calculating any antiderivatives or doing any algebra, find each
of the following:

/O T sin(e) do = O /O " sin(z) do = O /0 " in(e) dr = D

(b) Group chat: Based on the previous question, what do you think / sin(x) dx
0
should equal? O
(c¢) Use the FTC to evaluate / sin(z) dx. < This is the area of
0

one “bump” of the
= —as(n)--es(0) = )

graph of sin(z).
(d) Without calculating any more antiderivatives or doing any more algebra, find
each of the following:

/037r sin(z) de = 2 /O57r sin(x) dx = 2 /077r sin(z) do = 2

T
o

[0 dx = - el

(e) Group chat: Based on the previous question, what do you think / sin(x) dx
0
should equal? 2

(f) Group chat: Considering parts (b) and (e) above, what can we say about
/ sin(x) dz?
0
This ]Mpm\oer l‘r\JrCJral must dl‘\lefj-e/ sinte 1+ can't
eq_\lﬁ[ bo'H\ O and 2

7. Experiment time! Choose a few different values of p and compute / - dx. For
.

which values of p do you get an actual numerical answer?
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